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an 19 7a analyzes a transformation mo el of the form

1
here is a scalar response variable, isa 1 vector of nonconstant explanatory variables, an
is an unobserve error term. n this mo el, is observe is an increasin function
of kno n up to the 1 vector parameter is an intercept, an is a 1 vector of
slope parameters. The ob ect of estimation is
A lea in special case of the transformation function in 1 isthe po er transformation
stu ie by ox an Cox 1964 . n this mo el, 1 an 0. The transformation has the
form
1 0 2
This transformation is eneralize by ickelan oksum 19 1. or , their transformation
has the form
si n 1 0 3

o el 1 is either parametric or semiparametric epen in on hether or not the functional
form of the istribution of is assume tobekno n. orexample,in 3 , one coul assume that
is normally istribute ith mean zero an nite variance, an estimate by maximum likelihoo .
o ever, in a parametric approach such as this, if the istributional assumption is incorrect, an
especially if some ata is contaminate , then stan ar estimation proce ures are susceptible to

lar e biases. This motivates a semiparametric approach that is not sensitive to outliers in the ata.



an 19 7a estimates  semiparametrically in three sta es. n the rst sta e, he estimates
ith the maximum rank correlation = RC estimator evelope in an 19 5.
an 19 5,19 7b proves consistency an Sherman 1993 proves  -comsistency an asymptotic
normality of this estimator. n the secon sta e, usin the estimator of , an 19 7a evelops a
consistent rank-base optimization estimator of . n the thir sta e, usin the estimators of
an , an 19 7a constructs consistent estimators of  an usin either least s uares or
least absolute eviations re ression.

This paper focuses on estimation of , the parameter vector that characterizes the transfor-
mation function in 1 . A number of semiparametric estimators of = have been evelope . These
inclu e the nonlinear t o-sta e least s uares 2S5 S estimator of Amemiya an Po ell 19 1
an a rescale version of the 2S S estimator evelope by Po ell 1996 . These estimators
are special cases of eneralize metho of moment G estimators of see ittlehammer,

u e, an iller, 2000 .  ther semiparametric estimators of  inclu e the wuantile re ression
estimator of Po ell 1991 an the nonlinear ei hte least s uares estimator of oster, Tian, an

ei 2001 . A recent simulation stu y by Savin an urtz 2001 compares the three nonlinear
least s uares estimators ust mentione .

n relate  ork, oro itz 1996, e an  uan 1997 , Chen 2002, an Klein an Sher-
man 2002 have evelope  -consistent an asymptotically normal semiparametric estimators
of the transformation function in 1  ithout makin parametric assumptions about its functional
form. See also Gor ens an  oro itz, 1999. All these estimators re uire in epen ence of errors
an re ressors. n a ition, ith the exception of Chen s estimator, they involve the use of kernel
re ression estimators re uirin sub ective ban i th choices. The estimators of Po ell 1991 an

certain G estimators see ittlehammer et al. 2000 can be consistent un er eneral forms of



heterosce asticity. Also, no ban i th choices are nee e to compute either ans 19 7a esti-

mator, or the estimators of Amemiya an Po ell 19 1, Po ell 1991, oster et al. 2001 , or the

other G estimators.
There are t o main ra backs to ans estimator of . irst, the limitin istribution of his
estimator has not been establishe . an 19 7a con ecture that his estimator as  -consistent

ith a nonnormal limitin  istribution, but provi e no proofs. Part of the ifficulty in establishin
the limitin  istribution of this estimator lies in the fact that it maximizes a iscontinuous sample
ob ective function. This ren ers stan ar Taylor series ar uments inapplicable an su ests an
approach base on recent evelopments in empirical process theory. o ever, the sample ob ective
function is a eneralize avera e of in icator functions of sets enerate by a nonlinear function of
the transformation parameters. This nonlinearity in parameters preclu es the use of o the shelf
empirical process results. Secon ly, computations are re uire to evaluate the criterion
function, here is the sample size. This makes the estimator prohibitively expensive to compute
for mo erate to lar e sample sizes.

The oal of this paper is to repair both of the previously mentione e ciencies. e estab-
lish a result that lets us e uce the key apnik-Cervonenkis property for the classes of
sets associate  ith the lea in special cases in 2 an 3. This property is sufficient to es-
tablish  -consistency an asymptotic normality of an s estimator, thus provin one part an

isprovin the other part of ans con ecture. e ill then intro uce a ne class of rank-base
optimization estimators that are also  -consistent an asymptotically normal, but only re uire
lo computations to evaluate the ob ective function, makin the estimators practicable for
lar er sample sizes. These estimators are a aptations of the rank estimators of evelope by

Cavana h an Sherman 199 , an exploit Spearmans 1904 measure of rank correlation rather



than Ken alls 193 measure, on hich an s estimator is base . The former is computationally
more efficient.

n the next section, e present an s estimator of an state con itions un er hich the esti-
mator is  -consistent an asymptotically normal. e also establish the property for the class
of sets associate  ith the transformation functions in 2 an 3. n Section 3, e establish the
limitin  istribution of the estimator an sho ho to estimate its asymptotic variance-covariance
matrix. n Section 4, e intro uce the ne class of rank estimators of = an prove consistency.

e also prove ~ -consistency an asymptotic normality an in icate ho to estimate asymptotic
variance-covariance matrices. Section 5 presents simulation results comparin t o of the ne esti-
mators to those of an s estimator, the ickel an  oksum 19 1 parametric estimator, an the

semiparametric estimator of Amemiya an Po ell 19 1. Section 6 summarizes.

et enote a sample of ii observations from mo el 1. et
enote the parameter space for , an the parameter space for . et enote a
consistent estimator of . an 19 7a proposes estimatin ith ar max here
ith ran in over the 1 2 3 or ere 4-tuples of i erent
inte ers from the set 1 . ote that for xe an is a fourth-or er -statistic.

A simple principle motivates the estimator. y 1,
if an only if . Suppose in 1 that is

in epen ent of . Then the ran om variables an



are in epen ent an symimetric about zero. t follo s that iven , if

, then it is more likely than not that

This i enti es as the maximizer of the expecte value of . e also see that
maximizes Ken all s 193 measure of rank correlation bet een the s an the
S.
rite for an let have istribution on the set . or each ,
, an , € ne
here, for , 1234,

an , for example, is shorthan for

rite for the empirical measure that puts mass — on each . The term

is the pro ection term in the oe in ecomposition see, for exam-
ple, Ser in , 19 0 of . This term, evaluate at , rives the asymptotic

behavior of

et enote an arbitrary function of an . rite for , for , for

,an soon. et enote the matrix norm . or , let

enote a function from  to , an let the symbol enote conver ence in istribution.



e no state con itions implyin  -comsistency an asymptotic normality of

A The s, 1 , are ii .
A The sareii an in epen ent of the s.
A is continuously istribute an has a non e enerate istribution.
A is an interior point of , a compact subset of
A or each , is continuous an strictly increasin .
A ith positive probability, is i erentiable an nonlinear in for
A is a class of sets.
A N N 1 as , here 0
A et enote a non e enerate convex nei hborhoo of
or each , has continuous mixe thir partial erivatives on
There is an inte rable function such that for each an
The matrix is ne ative e nite.

Assumptions Al throu h A6 are sufficient to prove stron consistency of . These assump-
tions are sli htly eaker than those use by an 19 7a to prove stron consistency of AT s
a key re ularity con ition use in the normality proof in Section 3. elo , e verify this property
for the lea in special cases ivenin 2 an 3. A re uires that there be a ~ -consistent an



asymptotically normal rst-sta e estimator of . As mentione previously, ans 19 5,19 7b
maximum rank correlation estimator satis es this con ition. ne coul also use one of the com-
putationally more efficient rank estimators of Cavana h an Sherman 199 . These estimators
re uire no sub ective ban i th choices. The con itions of A9 are stan ar an are use to sup-
port ar uments base on Taylor expansions of an its erivatives about an . ote

that if an the ensity of are sufficiently smooth, then A9 i throu h A9 iv  ill hol .

Recall that a class of subsets of a set  can pick out at most a polynomial number of subsets
from the 2 possible subsets of an arbitrary set of points in e. ., Pakes an Pollar , 19 9.

e ill use the next result to verify A7 for the mo els escribe in 2 an 3. n the statement

of this result, a real-value function , , is sai to chan e si n at a point if, in a
nei hborhoo of , either i 0 for an 0 for or ii 0 for
an 0 for
sup
0
et enote arbitrary pointsin . rite for : 0
e say, for example, that  picks out the subset from if there exists a
such that 0 for 237 an 0 for 237. e illsho that can
pick out no more than 1 of the 2 possible subsets of . This ill prove the result.
y assumption, for each , there are at most points at hich chan es si n. The union

of these points contains at most points an partitions into at most 1 intervals. Each
interval correspon s to an -tuple of s an s, here the th component is a  if 0

10



for each  in the interval, an a if 0 for each in the interval. Thus, the number of

such -tuples e uals the number of subsets of that  can pick out.
Consi er mo el 2. Take , , , an
. Simple calculus sho s that for each , chan es si n at most 3

times. The proof for 3 is similar.

n this section, e prove that is  -consistent an asymptotically normal, an sho ho
to estimate its asymptotic variance-covariance matrix.
rite for an for . ote that

ar max an ar max . inally, rite for -

> =

11



n er Al throu h A6, an 19 7a prove that

ill sho that uniformly in 1 nei hborhoo s of ,

N =

ran om vector. Then A9 v, 4 ,an Theorem 1

here conver es in istribution to a

in Sherman 1993  ill imply that

1 5
The result ill then follo from 4, 5,an Theorem 2 in Sherman 1993 .
rite for the probability measure that puts mass 1 on each -tuple ,
rite

2 3 4. Apply a version of the oe in ecomposition see Sherman, 1994, p.449 to

here isa e enerate -statistic of or er | 2 3 4.

Apply A3, A7, emma 2.12 in Pakes an Pollar 19 9, emma 6 an Corollary in Sher-

man 1994 , an ar ue as in Theorem 4 of Sherman 1993 to see that the e enerate -processes

of or er t o, three, an four can be ne lecte . That is, uniformly over 1 nei hborhoo s of

12



e uce that uniformly over =~ 1 mnei hborhoo s of ,

1 6
ext, esho that uniformly over 1 nei hborhoo s of ,
1 — 1
— 1 = 7
2
The term uanti es the penalty pai for havin to estimate
ix an . nvoke A9 i an expan about to et
1
2
for bet een an .y A9ii, for each an each
9
nvoke 9 an the inte rability of , then take expectations in an evaluate at to et
that uniformly over 1 nei hborhoo s of ,
1
4 = 4
2
Since is maximize at , 0. y a Taylor expansion about ,
here isbet een an . ivi ethrou hby 4 an apply

A an A91 toestablish 7.

13



ext, esho that uniformly over 1 mnei hborhoo s of

1 —
— 1 10
ote that 0 for all . Also, since 4 , 0. Con ition
10 then follo s from A9 i an a Taylor expansion about follo e by a Taylor expansion

about

Con itions 6, 7,an 10 imply con ition 4 . This proves the result.

eno evelop consistent estimators of an in Theorem 2. e use numerical erivatives,
as in Pakes an Pollar 19 9. or ease of notation, e present one-si € i erence uotient
estimators. Since the criterion function is a step function, centere i erence uotient estimators

perform better in practice, especially for small to mo erate sample sizes. Alternatively, one coul

evelop expressions for  an in terms of mo el primitives an estimate components nonpara-
metrically, as is one in Cavana h an Sherman 199 . o ever, e onot o so here.
Recall the e nition of iven in Section 2. Also, recall that 1 2 an
enotes the probability measure that puts mass 1 on each 3-tuple , here
ran es over the or ere 3-tuples of i erent inte ers from the set 1 . or each
, , an , € ne
ote that . Stan ar  -process ar uments, such as those iven in the

14



proof of Theorem 2, imply that as ,

sup 1 11
rite for the th component of , for the th component of
, an for the th component of . Assume, for simplicity, that all
these partial erivatives are boun e in a nei hborhoo of . et , , , an
enote se uences of real numbers conver in to zero as . et an
enote stan ar bases for an , respectively. e ne

e uce from this, 11, an a one-term Taylor expansion of the population i erence uotients

about usin the boun e ness an continuity A9 i of the partial erivatives near
an the  -conmsistency of , that as ,
1 1
1 1
1 1
here the 1 terms an the 1  terms are uniformly boun e . Choose the se uences ,

15



, , an so that as , , , an . e ne

NI

inally, e ne

PN

e uce from the previous ar uments an the consistency of for that an

consistently estimate their population counterparts.

n this section, e intro uce a ne class of rank estimators of  that re uire only lo
computations to evaluate the ob ective function. These estimators are a aptations of the rank
estimators of evelope by Cavana h an Sherman 199 . e prove consistency, an then
establish  -consistency an asymptotic normality an in icate ho to estimate the variance-
covariance matrices.

et enote an increasin function on . or real numbers 1 , 1 ,

, let ,therank of . et enote a consistent estimator of . e

16



propose estimatin ith ar max here

12
or ease of notation, e suppress the epen ence of on . otethat hen ,
then is a linear function of Spearman s 1904 measure of rank correlation bet een the
s an the s. See also ehmann 1975, Chapter 7. Since sortin
numbers re uires only lo computations e. ., Aho et al., 1976, Section 3.4 , e see that
only lo computations are nee e to evaluate
aximum robustness is achieve by choosin . o ever, more efficiency may
be obtaine by choosin a eterministic speci cation like . An interme iate choice is the
insorize function for . See Cavana h an

Sherman 199 for more iscussion on specifyin

e make the follo in i entifyin assumption:

A is a strictly increasin function of

Strict monotonicity can be relaxe to nonconstant eak monotonicity. Assumption A10 is
analo ous to assumption A1l ma e in Cavana h an Sherman 199 . ote that an informal check
of A10 can be ma e throu h nonparametric re ression of on

hen is eterministic, e make the follo in a itional assumptions:

A is a continuous function on the support of

A sup

Continuity in A1l can be relaxe to almost-sure continuity. Also, note that A12 is trivially

17



satis € hen  isboun e ,as hen is the insorize function e ne above.

e no prove consistency of hen is eterministic. n the remark after the proof of
Theorem 3, e sho ho the proof easily exten s to cover the case . Thei ea
behin our i enti cation proof is similar to ans 19 7a. o ever, e ive our o n proof since

e coul not follo the etails of an s proof.

Expan the rank functionin 12 intoasuman thro a ayterms ithe ualin ices.
These terms are ne li ible, asymptotically. ivi e by an , abusin notation sli htly, let

enote thisne ob ective function. e ne

e ill prove the follo in :

is uni uely maximize at

sup 1 as

is continuous on

Consistency then follo s from stan ar ar uments e. ., Amemiya 19 5, pp.106-107 .

rite for . € ne



y symmetry,

13
2

t follo s from A10 that

14
hen , the in icator functions in 13 pick out the lar er of an
This happens ith probability one by A3 an A5. Thus, is maximize at
To sho that is the uni ue maximizer of , e sho that for

rom 13, e et that

rite for the value of the vector of four in icator functions in the last expression.
That is, , , )
an n a set of probability one, there are four possible values
for : 1001, 1100, 0011,an 0110. The contribution to

from the secon an thir 4-tuples is zero. The contribution from the rst an fourth

4-tuples is nonne ative by 14 . To sho that , it is enou h to sho that

the contribution from the rst 4-tuple is strictly positive. This ill hol if there exists a set

such that 0 an 1on

19



or concreteness, rst consi er mo el 2. The eneral proof is similar, as e illsho . e

must n aset ith positive probability on hich the follo in t o con itions hol :

E uivalently, e seek a set ith positive probability on hich

here an . ote that 0, 1234an
Choose 0 such that .oix
2. ix 0 1. A similar ar ument ill ork for
is increasin an concave in , for all an
Take , , , an
for all , 1234,
y the ean alue Theorem an 15, for all , 1234,

20

0 satisfyin an
1, as e illsho . Since
15

y construction,



o choose small enou h so that

f 1,let , , ,an chan e respective roles ith , , , an in the previous
ar ument. This proves con ition i for mo el 2.
Consi er the eneral case. rite for . emust n aset ith positive probability

on hich the follo in t o con itions hol :

E uivalently, e must n a set ith positive probability on hich

here , 1234.

ote that

Thus, — is constant on an interval if an only if for all for hich
y A3 an AG6, there is an interval of positive probability on hich this oes not happen.
Choose from this interval an ar ue as before to et the eneral result. This

proves con ition i for the eneral case.

21



Turn to con ition ii . Since consistently estimates , there exists a se uence of positive

real numbers satisfyin 1 as for hich 0. t follo s that as

sup sup 1

The rst term on the ri ht is boun e by

sup sup
The rst term has or er 1 as . This follo s from the fact that
is a zero-mean -process of or er 4, an from stan ar  -process an empirical process results:

apply A7, the ar ument in Section 5 of Sherman 1993 , an emma 2.12 an emma 2.14 ii in
Pakes an Pollar 19 9 to see that the kernel of has the re uisite Eucli ean
properties, then apply A12 an Corollary 7 in Sherman 1994 . The secon term in the last
expression hasor er 1 as . This follo s from the Cauchy-Sch arz ine uality, A11, A12,
an a ominate conver ence ar ument. This proves con ition ii .

Con ition iii also follo s from A1l, A12, an ominate conver ence. This proves the theo-

rem.

Suppose . Expan the rank functions into sums an i nore all terms

ith e ual in ices to et

ith ran in over the 1 2 3 4 5 or ere 6-tuples

22



of i erent inte ers from the set 1 . or xe an , is a sixth-or er -statistic.

ivi e throu h by an take expectations. enote the result by
e ne
here is the cumulative istribution function of . The consistency proof oes throu h as
before ith playin the role of . ote, ho ever, that A1l an A12 are automatically satis e
for
e no establish the limitin  istribution of . econsi ert o cases: eterministic an
e be in ith the case eterministic. Recall that an has istribution on
the set . or each , , an , € ne
here, for , 1234,

23



an , as before, , for example, is shorthan for

The proof of Theorem 4 is i entical to the proof of Theorem 2.

ext, e consi er the case . or each , , an

here, for , 123456,

24



[N

Apart from cosmetic 1 erences, the proof of Theorem 5 is i entical to that of Theorem 2.
e close this section by notin that the variance-covariance matrices in the last t o theorems

can be estimate usin numerical erivatives as prescribe in Section 3 for an s estimator.

n this section, e present simulation results comparin t o of the ne rank estimators of
to ans estimator, the ickel an  oksum 19 1 parametric estimator un er normality, an the
semiparametric 2SS S estimator of Amemiya an Po ell 19 1.
e choose for the rst ne rank estimator, an for the secon . e
call these estimators an , respectively. Since the focus of this paper is estimation of

, etake askno nan estimate inmo el 3. Speci cally, for 0, e take

sin 1

e take 5 1 2, the sample size 50 100 200, an the istribution of to be normal

25



, exponential ,an amma ith parameters 5 2 . Thus, is istribute 1. Al
error istributions are in epen ent of , centere to zero mean, an rescale to have stan ar
error 5. n each simulation, the istribution of is normal ith mean zero an stan ar error

5. Thus, the si nal to noise ratio in each simulation is about 3 to 1. The number of replications

in each simulation is 50. This parallels the simulations one by an 19 7a. n a ition, e

estimate a contamination mo el . n this mo el, , an for each simulation, e choose
one of the values at ran om an replace it ith 2max . or the 2S S estimator,
e take the instrument matrix to be the 2 matrix consistin of a column of ones an a

column of  values see Amemiya an Po ell, 19 1, p.356 . n each replication, e estimate

ith a naive ri search: elay o na ri of 500 points space 01 units apart on 0 5 an
take to be the maximizer of the appropriate criterion function over these points .  hen there
is an interval of maximizers, e take to be the mi point of the interval. or each simulation,

e compute the mean of the estimators as ell as the root mean s uare error base on
the 50 replications. e also compute computation times for each simulation . The results for the
estimators of ickel an  oksum, an,an thet one rank estimators are iven in Table 1. The
results for the 2SS S estimator are iven in Table 2.

nmo els , ,an ,correspon in tothe i erenterror istributions, e seethat for sample

sizes of 100 an 200 an for all choices of | all the estimators o reasonably ell in terms of bias

an , ith the parametric estimator an 2S S comparable an havin asli hte e over
ans, anshavin asli hte e over , an havin asli ht e e over . Recall
that the parametric estimator is calculate un er the assumption of normal errors. e n its

26



relatively oo performance un er all three error istributions surprisin . an 19 7a obtaine
similar results. Except for the  2S S estimator, there is a sli ht eterioration in performance in
terms of bias for all the estimators as ske ness in the error istribution increases. o ever, for
the contamination mo el , the performance of the parametric estimator e ra es substantially
for all choices of  an all sample sizes. The  2S S estimator performs better than the para-
metric estimator, but not as ell overall as the rank-base estimators. The rank-base estimators
perform ell for all choices of  for sample sizes of 100 an 200. verall, an s estimator sli htly
outperforms , an sli htly outperforms . ans estimator oes ell even hen
50.
n terms of computation time, the ne rank estimators substantially ominate an s estimator.
or mo el it took over 70 hours to perform one simulation for ans estimator for a sample
of size 200, hereas it took only about 12 minutes for either of the ne rank estimators. The
simulation pro rams ere ritteninthe C pro rammin lan ua ean ererunona450 e ahertz
Toshiba Satellite PC ith 64 e abytes of RA
e also enerate histo rams for four of the estimators hen 200 an . The results
appear in 1 ure 1. t appears that the normal approximation may be reasonable for this mo el

even for the semiparametric estimators at 200.

This paper establishes  -consistency an asymptotically normality of ans 19 7a estimator
of the parameters characterizin the transformation function in a semiparametric transformation
mo el. e verify a key apnik-Cervonenkis con ition for the parameterizations of ox an
Cox 1964 an ickelan oksum 19 1 . The veri cation establishes the property for a class

of sets enerate by a nonlinear function of the parameters.
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e also intro uce ane class of rank estimators for the transformation parameters an establish
 -consistency an asymptotic normality. These estimators re uire only lo computations
to evaluate the criterion function, compare to computations for an s estimator. This is
achieve by exploitin Spearmans 1904 measure of rank correlation rather than Ken alls 193
measure, on  hich ans 19 7a estimator is base . The former is more computationally efficient.
A simulation stu y compares the ne estimators to ans estimator, as ell as to the fully
parametric estimator of ickel an  oksum 19 1 an the semiparametric = 2S S estimator of
Amemiya an Po ell 19 1. n these simulations, an s estimator sli htly outperforms the ne
rank estimators in terms of bias an root mean s uare error, but takes over 400 times lon er to

compute for a sample of size 200.
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