Multiple random variables

N-dimensional random vector (i.e., vector of random variables) is a function from the sample
space S to RY (N-dimensional Euclidean space).

Example: 2-coin toss. S ={HH,HT,TH,TT}.

X4

Consider the random vector X — ( P%
2

), where X; = 1(at least one head), and X, =

1(at least one tail).

S X

HH (1,0)
HT (1,1)
TH (1,1)
TT (0,1)

Assuming coin is fair, we can also derive the joint probability distribution function for the
random vector X.

—

X P
(1,0) 1/4
(1,1) 1/2
(0,1) 1/4

From the joint probabilities, can we obtain the individual probability distributions for X,
and X, singly?

Yes, since (for example)
PX,=1)=P(X;=1,X,=0) + P(X, =1, X, = 1) =1/4 + 1/2 = 3/4

so that you obtain the marginal probability that X, = x by summing the probabilities of all
the outcomes in which X; = z.
EEE

From the joint probabilities, can we derive the conditional probabilities (i.e., if we fixed a
value for X5, what is the conditional distribution of X; given X5)?

Yes:

P(X;=0/X,=0)=0



and
P(X;=0/Xy=1)=1/3
P(X;=1X=1)=2/3
&ete.
Namely: P(X;|Xy =) = P(Xy,2)/P(Xy = x)
Note: conditional probabilities tell you nothing about causality.

For this simple example of the 2-coin toss, we have derived the fundamental concepts: (i)
joint probability; (ii) marginal probability; (iii) conditional probability.

More formally, for continuous random variables, we can define the analogous concepts.

Definition 4.1.10:
A function fx, x,(z1,72) from R? to R is called a joint probability density function if, for
every A C R*:

P((Xl,XQ) S A) = fX17X2<LU1,SL’2>dLU1d.T2.
4[/

The corresponding marginal density function are given by

fX1 (361) = /°° le,X2($1,$2)dl‘2
fx,(x2) = /OO fx1.x, (21, m2)d).

As before, for the marginal density of X, you “sum over” all possible values of X5, holding
X1 fixed.

The corresponding conditional density functions are

 fxixa (T me) fx1.5, (21, 2)
le\X2($1|$2) N sz(@) B ffooo le,Xg(ZEhIz)d$1

o fX1,X2(x17:C2) o fX1,X2(x17x2)
fXQ\Xl ($2|I‘1) - le (.Tl) — f_oooo le,XQ(xth)de.

By rewriting the above as

f (fL‘ |x ) - fX2|X1(x2|$1)fX1(x1)
X1|X2\Z1| 22 _ffooofX2|X1(x2|$1)fX1(x1)d;(;1
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we obtain Baye’s Rule for multivariate random variables. In the Bayesian context, the above
expression is interpreted as the “posterior density of x; given x5”.

These are all density functions: the joint, marginal and conditional density functions all
integrate up to 1.

[ ] ||
Multivariate CDF's

Consider two random variables (xy,x2). The bivariate CDF F,, ., is defined as
Fy 2,(a,b) = Pr(zy < a,zy <b).

When (21, z5) have a joint density function, then the joint CDF equals
a b
F$1,I2 ((Z, b) = / / fm,zg (3717 x?)d-r2dx1-
z1:—00 J To:—00
Properties of Fj, ,,:

L limg, o F(21,22) =0, j = 1,2.

2. lmy, oy oo zptoo F(21,29) = 1.

3. (rectangle inequality): for all (ay, az), (b1, bs) such that a; < by, as < by,
F(by,bs) — F(ay,by) — [F(b1,a2) — F(ay,as)] > 0.

When F' has second-order derivatives, this is equivalent to
ity).

4. Marginalization: F

0%F
ge90; > 0 (supermodular-

Lan(@,00) = F, (@) (marginal CDF of z;). Similarly for F,.

5. Fy 4,(+, ) is increasing in both arguments.

These properties can be generalized straightforwardly to the n-variate CDF F,, ., . For
this case, property 3 above becomes:

e (rectangle inequality, n-variate): for all (aq,... ,a,), (b1,...,b,) with a; < b; for i =
1,...,n
2 2
Z e Z(_1>i1+m+inF<x1,i17 L2igy -+ - 7xn7in> Z 0
=1 =1



where, for all j = 1,...,n, we have z;; = a;, aj2 = bj. When F' has n-variate
derivatives, then the condition becomes
O"F
> 0.
0x10xo, ... ,0x, —

L]
Independence of random variables

The independence between two random variables is most generally stated in terms of the
joint CDF function: X; and X, are independent iff, for all (xy, z3),

P(X, <x1; Xy < 13) = Fx, x,(%1,22)
= Fx, (1) * Fx,(22) = P(X; < 11) - P(Xy < 29)

When the density exists, we can express independence also as, for all (x1, z3),

le,XQ(il?l,lQ) = le(l"l) * fx2(3?2)
or
Ixi1x: (T1|z2) = fx, (1)

Ixa1x: (T2|21) = fx, (22).

For conditional densities, it is natural to define:

Conditional expectation:

oo

E(X| Xy =x9) = / T fx,|x, (x]z2)de.

Is E(X;| Xy = x2) a random variable?

Conditional CDF':
1
FX1|X2(!L'1|ZL'2) = PT‘Ob(Xl S $1|X2 = $2) = / fX1|X2(SL'|$2)dZL'.

Conditional CDF can be viewed as a special case of a conditional expectation:



L] [
Example: X, Xy distributed uniformly on the triangle (0,0), (0,1), (1,0): that is,

2 if 1+ X9 S 1
0 otherwise.

fX1,X2 (xlv x2) - {

Marginals:
11—z
0
1—zo
[x,(12) = / 2dxy = 2 — 229
0
Hence, E(X;) = [, 21(2 — 2z1)dzy = Qfol(xl —af)day = 2 [Fa] - %xﬂo =3

Note: fx, x,(z1,22) # fx,(x1) * fx,(22): so not independent.
Conditionals:

fX1|X2(.’L'1|ZL'2) = 2/(2 — 2$2), for 0 S T S 1— T
Fxaixi (w2lz1) = 2/(2 — 221)

SO

91

12 2 2 1,17 1-
E(X1|X2) = / Iy dr, = [ 2} xQ'
0 2— 21’2 2 — 2ZE2

e 1 11 %% 1
E(X12|X2) = / xfl dr; = [—x?] = § * (1 _ x2)2
0

— X9 1—[1)2 3

0

so that .
Var(Xi|Xy) = B(X71Xy) — [E(X1|X2))* = (1 - 22)*.

Note: Sometimes a useful way to obtain a marginal density is to use the conditional density
formula:

Fr(n) = / " oy (@1, @)y = / " Fu i (@1]2) f, () des.



This also provides an alternative way to calculate the marginal mean FX;:

EX, = /OO r1 fx, (z1)dxy = /OO 1 {/OO fX1|X2(371|$2)fX2<$2)d$2 d

—00

= FX, :/ {/ xleﬂXz(%’ﬂ?z)d%] Ix,(22)dxs
= Ex, Ex1x, X1
which is the Law of iterated expectations.

(In the last line of the above display, the subscripts on the expectations indicate the proba-
bility distribution that we take the expectations with respect to.)

Similar expression exists for variance:

VCI,T’Xl = EXQVG’I“X1|X2(X1) + V(LTXQEX1|X2(X1).

e Truncated random variables: Let (X,Y") be jointly distributed according to the joint
density function fxy, with support X x ).

Then the random variables truncated to the region A € X x ) follow the density

fxy(z,y) _ fxy(z,y)
Probxy (X,Y € A) [ [, fxy(x,y)dzdy

with support (X,Y) € A.

e Multivariate characteristic function

—

Let X = (Xi,...,X,) denote random variables with joint density f¢(Z). Let g(X) =

— — —

[91(X), 92(X), ..., gm(X)] denote an m-dimensional vector of random variables, each
of which is a transformation of X. Then the characteristic function of §(X) is

P5(x) (t) = Eexp(it'g(z))

- /_m exp(it' §(¥)) f(F)dF 2

o0
where ¢ is an m-dimensional real vector.

Clearly: ¢(0,0,...,0) =1



Transformations of multivariate random variables: some cases
1 Xy, Xy ~ le,XQ(xhxz)

Consider the random variable Z = g(X;, X3).

CDF: Fz(2)=Prob(g(X;, X3) < z) = ffg(%m)gz Ixy.x, (21, x9)daydas.

PDF: fy(z) = 222,
Example: triangle problem again; consider g(X;, X3) = X7 + Xo.

First, note that support of Z is [0, 1].

Fz(z) = Prob(X; + Xs < 2)

/ / QdIle’l

_2/0 (2 — 21)day

=2(2* — =2%) = 2~

Hence, f,(z) = 2z.
EEN
2. Convolution: X ~ fx, e ~ f., with (X, e) independent. Let Y = X +e. What is f,?

(Ex: measurement error. Y is contaminated version of X)

Fy(y) = P(X +e<y) = /m / fx (@) fu(e)drde
= [ B g

o0
+oo

= fyly) = fx(y —e)fe(e)de

—+00

= Ix(@)fely — x)dx

Recall: ¢y (t) = ¢ox(t)pe(t) = ox(t) = i((tt))‘ This is “deconvolution”.
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3. Bivariate change of variables

X1, Xo ~ [x, x, (21, 22)

Y1 = g1(Xy1, Xp), Yo = go(Xy, Xp). What is joint density fy; v, (y1,92)7
CDF:

FY1,Y2<y17y2> = Prab(gl(XlaXQ) < ylaQQ(XlaXZ) < y2)

:// fx1,x (%1, 22)dz dy.
g1(z1,22)<y1, g2(x1,22)<y2

PDF: assume that the mapping from (X7, Xs) to (Y7,Y3) is one-to-one, which implies that

the system v = g1, 22) can be inverted to get 1=, v2) .
Yo = 92(371, 1’2) Ty = hz(yb yz)

o oy
Define the Jacobian matrix J, = | 9 92
Oyr Oy2

Then the bivariate change of variables formula is:

fY17Y2(y17y2) = le,X2 (hl(yla?ﬂ)? h2(y17y2)) * ’J|

where |J,| denotes the absolute value of the determinant of .Jj,.
] ]

To get some intuition for the above result, consider the probability that the random variables
(y1,y2) lie within the rectangle

(i, ys), (Wi +dyi,vs), (U5, s + dya), (1 + dyr, 5 + dys)
——

(& J/ J J
-~ -~ -

=A =B =C =D

For dy; > 0, dys > 0 small, this is approximately

fyhyz (yfa y;)dyldy2 (2)
which, in turn, is approximately
Jor o (M (Y1, 93), ha (Y7, y3)) “dardas”. (3)
—h* —h*
=" ]



In the above, dz; is the change in x; occasioned by the changes from y; to yf +dy; and from
Y5 to y5 + dys.

Eq. (2) is the area of the rectangle formed from points (A, B, C, D) multiplied by the density
Joiwe (Wi, y3). Similarly, Eq. (3) is the density fi, ,(h}, h3) multiplying “dzdzy”, which is
the area of a parallelogram defined by the four points (A’, B',C’, D’):

A= (y],y5) = A = (h], h3) (4)
B = (y] + dy1,y;5) =B" = (hi(B), ha(B)) ~ (h] JrUlyl(9 *>h +dy 1a *) (5)
. Oh .. . Oh
C = (w95 + dyo) >C" ~ (i + dyag o B + di ) (6)
o ohy . Ohy oh
D = (yi +dyy,y5 + dys) = D" = (h] +dy18 - +dy2a N eryl8 - eryg8 2y ()
Yo

(8)

In defining the points B’, C’, D', we have used first-order approximations of hi(y5, y5 + dys)
around (y7,v3); etc.

The area of (A’B'C'D’) is the same as the area of the parallelogram formed by the two
vectors Ohy . Oh\' - Ohy  Ohy\’

(dyla *,dy1a—yf> ; b= (dy28 *’dyQG_y;;> :
The area of this is given by the length of the cross-product
Oh1 Ohy  Ohy Ohs
Oyi dys Dy Iy
Hence, by equating (2) and (3) and substituting in the above, we obtain the desired formula.

= dyldy2|Jh|.

@ x b = |det [@, b]| = dydys

Example: Triangle problem again

Consider
Yi=0(X1,Xs) = X1 +Xo
Y, = 92(X1,X2) =X — Xy

Jacobian matrix: inverse mappings are

1
X1 = §(Y1 +Y5) = h(Y3,Ys)
(10)

1
Xo = = Yl—Yé)Ehz(Yl;Yz)

5



1
2

soJ:{

N[ =N | =

} and |J| = 1.

N

Hence,
1 1 1
iy (W1, y2) = 3" fX17X2(§((y1 + 1), §(y1 —12)) =1,
a uniform distribution.

Support of (Y1, Y5):

(i) From Egs. (9), you know Y; € [0,1], Y5 € [-1,1]

(i) 0 < X7+ Xy <1=0<Y]; <1. Redundant.

(iii) 0 < X; <1=0< 3(Y; + Y2) < 1. Only lower inequality is new, so Y7 > —Y,
(iv) 0 < X, <1=0< 5(Y; — Y3) < 1. Only lower inequality is new, so Y; > V5.

Graph:

CDF: 173/173/2 (yl, yg) = P’I“Ob(Xl + XQ S Y1, X1 — XQ S y2) Graph.

[ ] ||
Covariance and Correlation

Notation: puy = EXq, pue = EXo, a% = VarXj, U% = VarXs.

10



Covariance:

Cov(X1,Xa) = E[(X1 — 1) - (Xo — u2)]
E(X1X5) — ppis
E

(X1X5) — EX1EX,

taking values in (—o0, 00). (Obviously, Cov(X, X) = Var(X).)

Correlation: Cov(X,. Xy)
ov(X1,
Corr(X1, Xa) = px, x, = AL, 22)
0102
which is bounded between [—1, 1].
L] ]
Example: triangle problem again
Earlier, we showed py = pip = 1/3 and o} = 03 = .
EX1Xo =2 [ [[7" ayxoduadr, = 1/12
Hence
Cov(X1, Xo) = ! (1)2— 1/36
M A TR L
—1/36
C X1, X)) = ——7F+=—-1/2.
(] ]

Useful results:

e Var(aX +b0Y) = a*Var(X) + v*Var(Y) + 2abCov(X,Y). As we remarked before,
Variance is not a linear operator.
e More generally, for Y = >"" X, we have
Var(Y) = Z Var(X;) + Z 2 Cov(X;, Xj).
i=1

i<j

e If X; and X, are independent, then Cov(X;, X3) = 0. Important: the converse is
not true: zero covariance does not imply independence. Covariance only measures
(roughly) a linear relationship between X; and X, (Example 4.5.9 in CB).

11
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Practice: assume X,Y ~ U[0,1]? (distributed uniformly on the unit square; f(z,y) = 1)
What is:

(4) is }f 3)’) where f(y fo z,y)dr = 1.

From (4), (3) is special case, and (1) is equivalent to (3).

2) is f(# = 2f(x,y) = 2. Then obtain (5) and (6) by integrating this density over the
Prob(y>

appropriate range

7)is L& — 1/1 — 2 qver the region 0 < X > 1; Y > X. Then (8) is the marginal of
Prob(y>x) 2

this: f(z|ly > z) = fx 2dy = 2(1 — z).

12



Two additional problems:

1. (Sample selection bias) Let X denote number of children, and Y denote years of
schooling. We make the following assumptions:

e X takes values in [0,26], where # > 0. 0 is unknown.

e Y is renormalized to take values in [0, 1], with Y = 1 denoting completion of high
school.

e In the population, (X,Y) are jointly uniformly distributed on the triangle

{(:p,y) cre0,20], y < 1_%1;}

Suppose you know that the average number of children among high school graduates
is 2. What is the average number of children in the population?

Solution:
e Joint dens,lty of (X,Y) is 7 on this triangle.
f1/2 S ld = f1/2 —y)dy =2(y — 39°) = 1.
Marginal f(X) = ; fo Xdy = 5 (1= 2X). So that EX = 26.

Define g(X,Y) = f(X,)Y]Y > 1/2) = % = 3, on the triangle X €
0,0, Y €[1/2,1], Y <1- 5X.

. -4 X
Marginal g(X) = f1/229 ddy =2 (1—=).

B(X[Y >1/2) = [} Xg(X)dX =2 [! X — 1x2dX = ¢
e Therefore if E(X|Y > 1/2) =2 then § =6, and EX = 20 = 4.

Are there alternative ways to solve? Can use Baye’s Rule f(X|Y > 1/2) = fPI(DY;i/l iljf;();)(())()
but this is not any easier (still need to derive the conditional f(Y|X) and the marginal

f(X)).
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. (Auctions and the Winner’s Curse) Two bidders participate in an auction for a
white elephant. Each bidder has the same underlying valuation for the elephant, given
by the random variable V' ~ U[0, 1]. Neither bidder knows V.

Each bidder receives a signal about V: X;|V ~ U[0, V], and X; and X, are indepen-
dent, conditional on V' (i.e., fx, x,(z1,22|V) = fx,(x1]V) - fx,(x2|V)).

(a) Assume each bidder submits a bid equal to her conditional expectation: for bidder
1, this is F (V|X;). How much does she bid?

(b) Note that given this way of bidding, bidder 1 wins if and only if X; > X,: that
is, her signal is higher than bidder 2’s signal. What is bidder 1’s conditional expec-
tation of the value V', given both her signal X; and the event that she wins: that is,
EVIX1, X1 > X5]?

Solution (use Baye’s Rule in both steps):

e Part (a):
- w1
f(v|'r1> lel f(@1]v) f(v)dv lel 1/vdv 1/('0 logxl)'
— Hence: Ev|z] = 10;1 xll (v/v)dv = 10361(1 — 1) = Sllgg;)l.
e Part (b):

[ of(ervles < 2o
E = dv =
(ol < a1) = [ wf(eln,z < pdo = ST S A

- f(U,ZL’l,l’Q) - f([[‘17$2|’0) : f(’U) = 1/1)2'
— Prob(zy < z1|v) = [} [ Sdaoday = &5 [) wodwy = 1/2. Hence also uncon-
ditional Prob(ze, < 1) = 1/2.

o f(vyxlaxﬂxl > -7:2) = % = 2/U2.
2x1

— flo,miley > x2) = [ f(0, @1, 20|21 > @9)duy = 25

1 1 2z
o le v f(v,z1]|z1>z2)dv o le 5 —2x7 log x1

— E(v|zy, 22 > 29)

= lel f,zi|z>z0)dv f;fl %dv T =2z (1-1/z1)
— Hence: posterior mean is %‘;ﬁgfl

— Graph results of part (a) vs. part (b). The feature that the line for part
(b) lies below that for part (a) is called the “winner’s curse”: if bidders bid
naively (i.e., according to (a)), their expectated profit is negative.
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