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1 Entry Models with Multiple Equilibria

Entry model is a N -player discrete game. It is a game because entry choices of competing

firms are interdependent (ie. entry choice of firm 1 affects profits of firm 2). In this section,

we study entry games as an important example of static discrete games.

In many entry models (and discrete games with interdependent choices), multiple equi-

libria are a typical problem. Several recent papers have dealt with estimation problems

of this sort: Andrews, Berry, and Jia (2004), Ciliberto and Tamer (2009), Chernozhukov,

Hong, and Tamer (2007), Beresteanu, Molchanov, and Molinari (2011), Galichon and Henry

(forthcoming) Pakes, Porter, Ho, and Ishii (2007).

One common theme is that when the possibility of multiple equilibria are allowed for, the

estimating equations often take the form of “moment inequalities”.

Here we consider some simple examples of two-firm entry games. In the first section,

we focus on games where the moment (in)equalities are generated by “structural” errors

(ie. those observed by the firms, but not by the econometrician). This follows most of

the literature on estimating games with multiple equilibria (Ciliberto-Tamer, Beresteanu-

Molchanov-Molinari, Galichon-Henry). In the second section we consider the case where

the moment (in)equalities are generated by non-structural, expectational errors, which are

not known by agents at the time that their decisions are made. This follows the approach

taken in Pakes-Porter-Ho-Ishii.

1.1 Entry games with structural errors

Consider a simple 2-firm entry model. Let ai ∈ {0, 1} denote the action of player i = 1, 2.

The profits are given by:

Πi(s) =

{
β′s− δa−i + εi, if ai = 1

0 otherwise

s denotes market-level control variables. Entry choices are interdependent, in the sense

that, firm 1’s profits from entering (and, hence, decision to enter) depend on whether firm

2 is in the market.

As before, the error terms εi are assumed to be observed by both firms, but not by the

econometrician. This is a “perfect information” game. We also consider “incomplete infor-

mation” games below.
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For fixed values of the errors ε ≡ (ε1, ε2) and parameters θ ≡ (α1, α2, β1, β2), the Nash

equilibrium values a∗1, a
∗
2 must satisfy best-response conditions. For fixed (θ, ε), the best-

response conditions are:

a∗1 = 1⇔ Π1(a∗2) ≥ 0

a∗1 = 0⇔ Π1(a∗2) < 0

a∗2 = 1⇔ Π2(a∗1) ≥ 0

a∗2 = 0⇔ Π2(a∗1) < 0.

For some values of parameters, there may be multiple equilibria. Define the mutually

exclusive outcome indicators:

Y1 = 1(a1 = 1, a2 = 0)

Y2 = 1(a1 = 0, a2 = 1)

Y3 = 1(a1 = 0, a2 = 0)

Y4 = 1(a1 = 1, a2 = 1).

(1)

The moment inequalities for the Nash equilibrium assumptions are:

• [1−Φ(−β′s)][Φ(δ − β′s)] ≥ E[Y1|s] ≥ [1−Φ(−β′s)]Φ(−β′s) + [1−Φ(δ − β′s)][Φ(δ −
β′s)− Φ(−β′s)]

• [1−Φ(−β′s)][Φ(δ − β′s)] ≥ E[Y2|s] ≥ [1−Φ(−β′s)]Φ(−β′s) + [1−Φ(δ − β′s)][Φ(δ −
β′s)− Φ(−β′s)]

• [Φ(−β′s)]2 = E[Y3|s]

• [1− Φ(δ − β′s)]2 = E[Y4|s]

We’ve already seen one alternative remedy to this problem. Instead of modeling events

Y1 = 1 and Y2 = 1 separately, we model the aggregate event Y5 ≡ Y1 + Y2 = 1, which is

event that only one firm enters. In other words, just model likelihood of number of entrants

but not identities of entrants. Indeed, this was done in Berry’s (1994) paper.

The identified set not “sharp”: don’t impose joint restrictions in inequalities. Specifically,

if you are at upper bound of the first equation, you cannot be at upper bound of second

equation. That is, you need to impose equality on P (Y1 ∪ Y2).

Galichon and Henry (forthcoming): identified set is set of θ’s which solve a “network

flow” problem between observed outcome probability vector p̂11, p̂01, p̂10, p̂00 and predicted
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“equilibrium regions” of game: P ({(1, 1)} ; θ), P ({(0, 0)} ; θ), P ({(0, 1)} ; θ), P ({(1, 0)} ; θ),

P ({(1, 0), (0, 1)} ; θ). Interpret network flow which solves the problem as “equilibrium se-

lection” rule. (Illustrate)

1.1.1 Ciliberto and Tamer (2009) paper

• Describe entry patterns in airline markets.

• Markets m = 1, . . . , n: each market is a city-pair, with characteristics Xm.

• Potential entrants in each market k = 1, . . . ,K.

• Outcomes of interest: ~ym = {ym1 , . . . , ymK} with ymk = 1(firm k enters market m). Let

the vector y index all the possible outcome configurations for ~y. For instance, with

K = 3, then y indexes the events {(111), (110), (101), (011), (100), (010), (001), (000)}.

• For each covariate vector X (includes both market and firm covariates), Nash equi-

librium behavior in entry game yields the moment inequalities

H1(θ,X) ≤ P (y|X) ≤ H2(θ,X).

• Define identified set:

ΘI = {θ : inequalities above are satisfied for all X} .

• Work with objective function

Q(θ) =

∫
[||(P (y|X)−H1(θ,X))−||+ ||(P (y|X)−H2(θ,X))+||dFX ]

with sample analogue

Qn(θ) =
1

n

n∑
m=1

[
||(P̂ (y|Xm)−H1(θ,Xm))−||+ ||(P̂ (y|Xm)−H2(θ,Xm))+||

]
where P̂ (y|·) denotes estimates of the outcome probabilities, as functions of X.

• P (y|Xm) should be estimated nonparametrically, or flexibly parametrically. (Akin to

choice probability estimation in dynamic models.)

• Typically, unless number of firms K is very small, the upper and lower bound prob-

abilities H1(θ, ·) and H2(θ, ·) do not have a convenient closed form, and will need to

be simulated, for different values of θ.
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• Discuss inference below.

• Results.

1.2 Entry games with expectational errors

In contrast to the above, PPHI derive the moment inequalities directly from the optimality

conditions. By allowing more general error terms, a large variety of moment inequalities

can be generated. We illustrate this approach again for the entry example.

Nash equilibrium In the two-firm entry game, if the actions (a∗1, a
∗
2) are observed, then

the inequalities for a Nash equilibrium are

E [π1(a∗1, a
∗
2, z)|Ω1]− E [π(a, a∗2, z)|Ω1] > 0, for a 6= a∗1

E [π2(a∗1, a
∗
2, z)|Ω2]− E [π(a∗1, a, z)|Ω2] > 0, for a 6= a∗2

(2)

These conditions are from the optimizing firms’ point of view, so in order for the expectations

above to be nontrivial, implicitly there are some variables in z, which are not observed by

the firms.

Accordingly, PPHI parameterize (for all i, a1, and a2)

ri(a1, a2, z̃; θ) = πi(a1, a2, z)− vi,a1,a2 ; E[vi,a1,a2 |Ωi] = 0.

In the above, z̃ ⊆ z. That is, we can specify a known parametric profit function ri(a1, a2, z; θ)

which is correct up to an error which has mean zero conditional on everything the firms

condition on when they choose their action.

Hence, we have

E[ri(a1, a2, z; θ)|Ωi] = E[πi(a1, a2, z)|Ωi]

and so the Nash equilibrium inequalities gives us the empirical moment inequalities:

E [r1(a∗1, a
∗
2, z̃; θ)|Ω1]− E [r1(a, a∗2, z̃; θ)|Ω1] > 0, for a 6= a∗1

E [r2(a∗1, a
∗
2, z̃; θ)|Ω2]− E [r2(a∗1, a, z̃; θ)|Ω2] > 0, for a 6= a∗2

(3)

A variant/interpretation: Consider the case where ri(a1, a2, z̃; θ) = πi(a1, a2, z), so that

our parameterization is the “true” profit function. In this case, we (the researchers) observe
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the actual realized profits, which the firms do not yet know at the time their decisions are

made. In this case, we have the relationship

ri(a1, a2, z̃; θ) = E [πi(a1, a2, z)|Ωi] + vi,a1,a2 (4)

so that the error vi,a1,a2 represents expectational error which, by rational expectations,

should have zero mean conditional on Ωi. Substituting Eq. (4) into Eqs. (2) also lead to

the empirical moment inequalities (3) above.

Example: Ho, Ho, and Mortimer (2012)

2 Inference procedures with moment inequalities/incomplete

models

In cases when a model is not sufficient to point-identify a parameter θ, goal of estimation is

to recover the “identified set”: the set of θ’s (call this Θ0) which satisfy population analogs

of moment inequalities Eg(x, θ) ≥ 0:

Θ0 = {θ : Eg(x, θ) ≥ 0} .

With small samples, we will never know Θ0 exactly.

The existing literature stresses two approaches for inference in partially identified models:

deriving confidence sets with either cover the (i) identified set or (ii) the elements in the

identified set with some prescribed probability. More formally, a given confidence set Θ̂n

satisfies either of the asymptotic conditions

liminfn→∞infθ∈Θ0P (θ ∈ Θ̂n) ≥ 1− α; or

liminfn→∞P (Θ0 ⊂ Θ̂n) ≥ 1− α;

where 1− α denotes a prescribed coverage probability.

This distinction was emphasized by Imbens and Manski (2004). [Describe IM example.]

2.1 Confidence sets which cover “identified parameters”

• Typical approach to confidence set construction: “invert” test of the point hypotheses

H0 : θ ∈ Θ0 ⇔ Eg(x, θ) ≥ 0 vs. H1 : θ 6∈ Θ0.
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• Different confidence sets arise from using different test statistics (Wald-type statistics,

empirical likelihood statistics, etc.)

• For a given test statistic, let the crictical value c1−α(θ) denote the (asymptotic) 1−α
quantile, under the null. Then we form our confidence set:

Θ̂n = {θ : Tn(θ) ≤ c1−α(θ)}

where Tn(θ) denotes the sample test statistic, evaluated at the parameter θ.

• Asymptotic distributions of these test statistics are typically derived and known for

the case of moment equalities: Eg(x, θ) = 0. When we have moment inequalities,

then these test statistics take non-standard forms, usually without closed forms. (See

Wolak (1989) for early work on deriving these non-standard distributions.)

• Hence, the critical values for these tests must typically be simulated via resampling

procedures (such as bootstrap). Computationally demanding.

• But for special class of models (which includes entry models and other discrete game

models typically estimated in empirical IO), there can be simplifications.

Here we consider the simple two-step framework of Shi and Shum (2012). The model

considered consists of two stages. In the first stage, a parameter β ∈ B ⊂ Rdβ is point

identified and has a consistent and asymptotically normal (CAN) estimator β̂n. In the

second stage, the model relates the true value β0 of β to a structural parameter θ (with

true value θ0), through some inequality/equality restrictions:

ge(θ0, β0) = 0

gie(θ0) ≥ 0, (5)

where gie : Θ → Rd1 defines the the inequality restrictions, ge : Θ × A → Rd2 defines the

equality restrictions and θ ∈ Θ ⊂ Rdθ . The parameter θ is potentially partially-identified.

The identified set of θ is

Θ0 = {θ ∈ Θ : ge(θ, β0) = 0 and gie(θ) ≥ 0}. (6)

Note that the only source of sampling error in this framework derives from the estimation of

β̂; also, the inequality constraints do not contain β, and hence are completely deterministic.1

1This is not particularly restrictive because one can always convert an inequality constraint into an

equality constraint by introducing a slackness parameter, say γ, and adding an inequality constraint: γ ≥ 0.

See entry example below.
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(Example: Entry Game) This follows Andrews, Berry, and Jia (2004) and Ciliberto

and Tamer (2009). Player j, j = 1, 2 enters the market if the profit of entering exceeds 0:

yj = {πj ≥ 0}. The profit πj = aj +δjy−j +εj , where aj is the expected monopoly profit, δj

is the competition effect which is assumed to be negative and (ε1, ε2) follows a distribution

known up to a parameter σ: F (·, ·;σ). Then the model predicts the probabilities of (0, 0)

and (1, 1): g00(a, δ, σ) and g11(a, δ, σ) and the upper bounds for the probabilities of (0, 1)

and (1, 0): g01(a, δ, σ) and g10(a, δ, σ), where a = (a1, a2)
′

and δ = (δ1, δ2)
′
. The outcome

probabilities p00, p11, p01, p10 are the first stage point identified parameters. In the second

stage, the structural parameters (a, δ, σ) are identified by the equalities/inequalities:

g00(a, δ, σ)− p00 = 0

g11(a, δ, σ)− p11 = 0

g01(a, δ, σ)− p01 ≥ 0

g10(a, δ, σ)− p10 ≥ 0. (7)

The equalities/inequalities in (7) do not fall immediately into our general framework because

the inequalities involve the first-stage parameters. However, we can introduce a nuisance

second stage parameter γ, add the restriction γ = p01 and rewrite the inequalities to only

involve (a, δ, σ, γ). Specifically, let β = (p00, p11, p01, p10), θ = (a, δ, σ, γ) for a nuisance

parameter γ ∈ [0, 1],

ge(θ, β) =

 g00(a, δ, σ)− p00

g11(a, δ, σ)− p11

γ − p01

 , and

gie(θ) =

(
g01(a, δ, σ)− γ

g10(a, δ, σ)− (1− g00(a, δ, σ)− g11(a, δ, σ)− γ)

)
. (8)

Then the entry game model is written in the form of (5).2�

(Example: Discrete mixture model) Consider a structural model with discrete unob-

served heterogeneity, where a (discrete) outcome variable y is drawn according to a known

parametric mixture distribution f(y|θ, η) characterized by structural parameters σ and mix-

ing parameter η. Assuming that y takes K distinct values, and η takes M distinct values,

2Allowing covariates is easy. We can simply estimate p00(x) ≡ Pr(0, 0|x), ..., p10(x) ≡ Pr(1, 0|x) in the

first stage either fully nonparametrically, or use some flexible parametric form. Then in the second stage,

use (p00(x), p11(x), p01(x), p10(x)) in place of (p00, p11, p01, p10). The estimated a(x) and δ(x) will be the

monopoly profit and the competition effects conditional on x. Generalizing the example to a game with

more than 2 players can be done following Ciliberto and Tamer (2009).



Lecture notes: Entry and discrete games II
M. Shum 8

the model is given by the equality constraints

P (y = k) =

M∑
m=1

f(k|σ, η = m)pm, for k = 1, . . . ,K;

M∑
m=1

pm = 1.

In this example, the observed probabilities P (y = k), k = 1, . . . ,K are our β, and (σ, ~pη) is

our θ where ~pη = (p1, ..., pM )
′
. Examples of such models are the entry game with multiple

equilibria in Bajari, Hahn, Hong, and Ridder (2011) and the structural nonlinear panel data

models in Bonhomme (forthcoming).�

Define a criterion function

Q(θ, β;W ) = ge(θ, β)
′
Wge(θ, β), (9)

where W is a positive definite matrix. Then it clear that

Θ0 = arg min
θ∈Θ

Q(θ, β0;W ) s.t. gie(θ) ≥ 0. (10)

To define the confidence set, we choose a specific weighting matrix Ŵ :

Ŵ ∗(θ) =
[
G(θ, β̂)V̂βG(θ, β̂)

′
]−1

, (11)

where G(θ, β) = ∂ge(θ, β)/∂β
′
, V̂β is a consistent estimator of the asymptotic variance of

τn(β̂ − β), where τn is a normalizing sequence, e.g. τn =
√
n. Define the confidence set to

be

CSn = {θ : gie(θ) ≥ 0, τ2
nQ(θ, β̂; Ŵ ∗(θ)) ≤ χ2

d2(1− α)}, (12)

where χ2
d2

(1 − α) is the 1 − α quantile of the chi-squared distribution with d2 degrees of

freedom and 1− α ∈ (0, 1) is the confidence level.

Theorem 1 Suppose that τn(β̂ − β) →d Zβ ∼ N(0, Vβ), ge(θ, β) is continuously differen-

tiable in β, G(θ, β) is continuous in θ and β, G(θ, β0)VβG(θ, β0)
′

is invertible for all θ ∈ Θ

and V̂β →p Vβ. Also suppose that Θ × B is compact and ge and gie are continuous in Θ.

Then

(a) lim infn→∞ infθ∈Θ0 Pr(θ ∈ CSn) = lim supn→∞ supθ∈Θ0
Pr(θ ∈ CSn) = 1− α;

(b) in addition, the following condition (***) holds

G(θ1, β0) = G(θ2, β0) for all θ1, θ2 ∈ Θ0 (***)

then limn→∞ Pr(Θ0 ⊆ CSn) = 1− α.
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The additional assumption (***) for part (b) is immediately satisfied if θ and β are additively

separable in ge, as they are in all the previous examples. Additive separability is likely to

hold in models in which the equality restrictions take the form of “matching” empirical

frequencies to outcome probabilities predicted by the model, which is a common feature of

all the examples above.

[Example: Iaryczower, Shi, and Shum (2012)]

2.2 Confidence sets which cover the identified set

We discuss here the estimation procedure of Romano and Shaikh (2010). Let P denote

true (but unknown) data-generating process of data, and let Θ denote the parameter space.

Define identified set as:

Θ0(P ) ≡ argminθ∈ΘQ(θ, P )⇔ {θ ∈ Θ : Q(θ, P ) = 0} .

Let Qn(θ) denote the sample objective function, and an a rate of convergence such that as

n→∞, an →∞ and anQn(θ)
d→ L(θ), a nondegenerate limiting distribution.

For the case of inequality constrained moment conditions EP gm(Y, θ) ≤ 0, for m index-

ing the moment conditions, one possibility is to define a least-squares objective function

Q(θ, P ) =
∑

m[Epgm(Y, θ)]2+ with small-sample analog Qn(θ) =
∑

m[ 1
T gm(Yt, θ)]

2
+.

The notation [y]+ is shorthand for y · 1(y > 0). For the specific case of the first inequality

in the conditions above, g(Yt, θ) = Yt1 − [1− Φ(−β′s)][Φ(δ − β′s)].

Goal of estimation: recover confidence set Cn s.t.

liminfn→∞P {Cn ⊇ Θ0(P )} ≥ 1− α (13)

for some level α.

Romano-Shaikh show:

• This estimation problem is equivalent to a testing problem, where the goal is to test

the family (continuum) of hypotheses

Hθ : θ ∈ Θ0(P ), ∀ θ ∈ Θ

subject to a restriction on the “family-wise error rate” FWER such that

limsupn→∞FWERP,n ≤ α (14)
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where

FWERP,n = P {with n obs., reject at least 1 “true” null hypothesis Hθ s.t. Q(θ, P ) = 0} .

FWER is a generalization of type I error (when you have uni-dimensional hypothesis

test).

This does not define the test statistic, just a characteristic that the test should satisfy.

• Note that

1− FWERP,n = P {with n obs., reject no null hypothesis Hθ s.t. Q(θ, P ) = 0}

= P {Θ0(P ) ⊆ Cn}
(15)

Hence the FWER restriction (14) is equivalent to

limsupn→∞1− P {Θ0(P ) ⊆ Cn} ≤ α

⇔liminfn→∞P {Θ0(P ) ⊆ Cn} ≥ 1− α
(16)

which is the required criterion (13).

• The following “stepdown” algorithm yields, at the end, a set Cn satisfying Eq. (13).

1. Start with S1 = Θ (the entire parameter space).

2. Evaluate this test statistic:

τn(S1, θ) ≡ max
θ∈S1

anQn(θ).

3. Compare test statistic τn(S1, θ) to critical value cn(S1, 1−α), where critical value

is obtained by subsampling:

– Consider subsamples of size bn from original dataset. There are Nn ≡
(
n
bn

)
subsampled datasets from the original dataset, indexed by i = 1, . . . , Nn.

(As n→∞, bn
n → 0.)

– For each subsampled dataset i: compute the subsampled test statistic

κi,n(S1, θ) ≡ max
θ∈S1

abQb(θ).

– Set cn(S1, 1−α) to (1−α)-th quantile amongst
{
κ1,n(S1, θ), . . . , κNn,n(S1, θ)

}
.

4. If τn(S1, θ) ≤ cn(S1, 1− α), then stop, and set Cn = S1,

5. If τn(S1, θ) > cn(S1, 1− α), then set

S2 =
{
θ ∈ S1 : anQn(θ) ≤ cn(S1, 1− α)

}
.

Repeat from Step 2, using S2 in place of S1.
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3 Random set approach

• Beresteanu and Molinari (2008), Beresteanu, Molchanov, and Molinari (2011)

• Probability space (Ω,A, µ)

• Set-valued random variable (“random set” for short) F : Ω 7→ K(Rd), where K(Rd)
denotes the set of nonempty closed subsets in Rd.

• Inner product < ·, · > in Rd is vector dot product; Euclidean distance between ~a,~b ∈
Rd is ||~a−~b|| =

√
< ~a−~b,~a−~b >.

• K(Rd) is metric space with Hausdorff distance:

H(A,B) = max(dH(A,B), dH(B,A)), dH(A,B) = sup~a∈Ainf~b∈B||~a−~b||.

• Selection of random set F is random vector ~f : Ω 7→ Rd such that ~f(ω) ∈ F (ω). S(F )

is set of selections of F .

• Aumann expectation: E(F ) =
{∫

Ω
~fdµ, ~f ∈ S(F )

}
.

Note: for given ~f ,
∫

Ω
~fdµ is d-dim. vector with i-th element

∫
Ω fi(ω)µ(dω).

• Support function for a set R ∈ K(Rd) is s(~p,R) = sup~r∈R < ~p,~r >, for all ~p ∈
Rd. Support function for a set R is the Fenchel/Legendre transform of the indicator

function for that set, defined as δR(~p) = 0 ·1(~p ∈ R)+(+∞) ·1(~p 6∈ R).3 In this sense,

the support function is an equivalent representation of the set R.

• Minkowski summation: A⊕B =
{
~a+~b : ~a ∈ A,~b ∈ B

}
.

• Random set limit theorems: for {F, Fi, i = 1, 2, . . .} being i.i.d. random sets, we have

– Law of large numbers:

H

(
1

n
⊕ni=1 Fi,E(F )

)
as→ 0.

– Central limit theorem:

√
nH

(
1

n
⊕ni=1 Fi,E(F )

)
d→ ||z||C(Sd−1)

3By definition of the Fenchel transform (cf. Borwein and Lewis (2006, pg. 55)), the Fenchel conjugate of

δR(~p) is the function δ∗R(~p) ≡ sup~r∈R {< ~p,~r > −δR(r)} = sup~r∈R {< ~p,~r >} = s(~p,R).
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where ||z||C(Sd−1) = sup~p∈Sd−1 |z(~p)| and z : Sd−1 7→ R is a continuous scalar-

valued Gaussian random function: z(~p) ∼ N(0, E(s(~p, F )2) − [Es(~p, F )]2) and

Cov (z(~p), z(~q)) = E[s(~p, F )s(~q, F )]− Es(~p, F ) · Es(~q, F ).

• Hypothesis testing:

H0 : E(F ) = Ψ0 vs. H0 : E(F ) 6= Ψ0

Define the critical value cα from P
{
||z||C(Sd−1) > cα

}
, where α is the size. This can

be simulated.

Then an α-size test is: reject H0 if

√
nH

(
1

n
⊕ni=1 coFi,Ψ0

)
> cα.

• Confidence set can be obtained by inverting this test:

CCn,1−α =

{
Ψ̃ ∈ K(Rd) :

√
nH

(
1

n
⊕ni=1 coFi, Ψ̃

)
≤ cα

}
.

This is a collection of sets. Let Un ≡ ∪
{

Ψ̃ ∈ CCn,1−α
}

. Then theorem 2.4 in the

paper shows:

Un =

(
1

n
⊕ni=1 coFi

)
⊕Bcα , Bcα =

{
b ∈ Rd : ||b|| ≤ cα/

√
n
}
.

3.1 Application: sharp identified region for games with multiple equilib-

ria

• Outcome space Y ⊂ Rk; randomness indexes by ω ∈ Ω with probability P .

• Random set Q(ω; θ) ⊂ Y, for all ω ∈ Ω: for each ω, the realization of the random set

Q(ω; θ) is the set (possibly singleton) of outcomes which could occur in an equilibrium

of the game, given (ω, θ).

• Aumann expectation EQ(ω; θ) ⊂ Y: set of expected outcomes consistent with some

equlibrium selection rule.

• Average outcomes observed in data: E(y), for y ∈ Y.
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• Sharp identified region:

Θ0 = {θ : E(y) ∈ EQ(ω; θ)}

which is typically a convex set. Using support function s(u,EQ(ω; θ)), we can equiv-

alently denote this by (this is the separating hyperlane theorem!)

Θ0 = {θ : E(y) ∈ EQ(ω; θ)}

=
{
θ : u′E(y) ≤ s(u,EQ(ω; θ)), ∀u ∈ Rk, ||u|| = 1

}
=
{
θ : u′E(y) ≤ Es(u,Q(ω; θ)), ∀u ∈ Rk, ||u|| = 1

}
=

{
θ : max

u∈Rk,||u||=1

[
u′E(y)− Es(u,Q(ω; θ))

]
≤ 0

}
which, for each θ, is a k-dimensional optimization program. The final equality in the

above display uses the random set result that

s(u,EQ(ω; θ)) = Es(u,Q(ω; θ).

3.2 Application: interval-censored regression

• Consider regression model: y = θ1 + θ2x+ u, with exogenous u.

• Point-identified case: moment based estimation

E(y) = θ1 + θ2E(x); E(xy) = θ1E(x) + θ2E(x2)

⇒

(
θ1

θ2

)
=

−1(
1 E(x)

E(x) E(x2)

)
︸ ︷︷ ︸

≡Σ

(
E(y)

E(xy)

)

• Interval censoring model: random vector (y, yL, yU , x) with P (yL ≤ y ≤ yU ) = 1.

• Only observe (yiL, yiU , xi), i = 1, . . . , n.

• Define the i.i.d. random sets

G(ω) =

{[
y(ω)

x(ω) · y(ω)

]
: y(ω) ∈ [yL(ω), yU (ω)]

}
. and

Gi =

{[
y

xi · y

]
: y ∈ [yiL, yiU ]

}
i = 1, . . . , n.
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• Define identified set

Θ = Σ−1E(G)

=

{(
θ1

θ2

)
= Σ−1

(
E(y)

E(xy)

)
,

(
y

xy

)
∈ S(G)

}
.

• Sample analog estimator:

Θ̂n = Σ̂−1 ·
(

1

n
⊕ni=1 Gi

)
.

Consistency straightforward. Confidence set more involved.

4 Haile-Tamer model of English auctions

Haile and Tamer (2003)

Consider an ascending auction where the bidders have independent private valuations. The

number of bidders n varies across the auctions in the dataset. The two behavioral assump-

tions are:

A1: Bidders do not bid more than they are willing to pay

A2: Bidder do not allow an opponent to win at a price they are willing to beat

From these two assumptions, they derive bounds on the CDF of bidders’ valuations F (v),

as a function of the CDF of bids G(b) which is observed from the data.

Upper bound for F (v) Obviously, from A1, bi ≤ vi implies F (vi) ≤ G(vi). They derive

a tighter bound.

From Lemma 1: A1 implies that bi:n ≤ vi:n ⇒ Fi:n(v) ≤ Gi:n(v) where i : n denotes the i-th

highest order statistic out of n random draws.

This yields Theorem 1:

F (v) ≤FU (v) ≡ min
n,i

φ(Gi:n(v), i, n)︸ ︷︷ ︸
≡ φ ∈ [0, 1] : Gi:n(v) = n!

(n−i)!(i−1)!

∫ φ
0 si−1(1− s)n−ids.

(17)

In the above, the function φ(Hi:n(v), i, n) is an “order statistic inversion” function which

returns, for a given distribution of the i : n order statistic Hi:n(v), the corresponding
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“parent” CDF H(v). φ(·, i, n) is increasing in the first argument, implying that, for any

i, n:

F (v) = φ(Fi:n(v), i, n) ≤ φ(Gi:n(v), i, n)

which underlies Theorem 1. Eq. (17) is the main inequality for the upper bounds.

Lower bound Similar calculations lead to the lower bound. From A2, we know that

vi ≤

{
v̄ if bi = bn:n

bn:n + ∆ if bi < bn:n.

In the above, v̄ denotes the upper bound of the valuation distribution; bn:n denotes the

maximum bid observed in an auction with n bidders, and ∆ ≥ 0 is a known bid increment.

Because ∆ is known, then also G∆
n:n(·), the CDF of bn:n + ∆, is also known.

Lemma 3: vn−1:n ≤ bn:n + ∆ ⇒ Fn−1:n(v) ≥ G∆
n:n(v)

Using the same φ(· · · ) function from before, this implies that

F (v) = φ(Fn−1:n(v), n− 1, n) ≥ φ(G∆
n:n(v), n− 1, n).

Hence we get Theorem 2:

F (v) ≥FL(v) ≡ max
n

φ(G∆
n:n(v), n− 1, n) (18)

Eq. (18) is the main inequality for the lower bound.
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