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1 Quadratic forms

Let A be an n X n symmetric matrix, and let  be an n-vector. Then = - Az

is a scalar,
x-Ax = Z Z Q% (1)

i=1 j=1

The mapping Q: = — x - Az is the quadratic form defined by A.!
A symmetric matrix A (or its associated quadratic form) is called

e positive definite if x - Ax > 0 for all nonzero x.

'The term form refers to a polynomial function in several variables where each term in
the polynomial has the same degree. (The degree of the term is the sum of the exponents.
For example, in the expression xyz+x%y+xz+ 2, the first two terms have degree three, the
third term has degree two and the last one has degree one. It is thus not a form.) This is
most often encountered in the phrases linear form (each term has degree one) or quadratic
form (each term has degree two). Tom Apostol once remarked at a cocktail party that
mathematicians evidently don’t know the difference between form and function.
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e negative definite if x - Az < 0 for all nonzero z.
e positive semidefinite if x - Ax > 0 for all z.
e negative semidefinite if - Az < 0 for all x.

We want all our (semi)definite matrices to be symmetric so that their
eigenvectors generate an orthonormal basis for R". If A is not symmetric,
then 4£4 is symmetric and z - Az = x - (254 for any x, so we do not
lose any applicability by this assumption. Some authors use the term quasi
(semi)definite when they do not wish to impose symmetry.

Proposition 1 (Eigenvalues and definiteness) The symmetric matriz A
18

1. positive definite if and only if all its eigenvalues are strictly positive.
negative definite if and only if all its eigenvalues are strictly negative.

positive semidefinite if and only if all its eigenvalues are nonnegative.

negative semidefinite if and only if all its eigenvalues are nonpositive.

Proof: Let {x1,...,z,} be an orthonormal basis for R" consisting of eigen-
vectors of A. (See, e.g., Apostol [I, Theorem 5.4, p. 120].) Let \; be the
eigenvalue corresponding to x;. That is,

Writing y = > | oyx;, we see that

n n

y- Ay = Z Z(aixi) - Alajzy) Z Z QONT; - T = Z(ak)z)\k,

i=1 j=1 i=1 j=1 k=1

where the last equality follows from the orthonormality of {x1,...,z,}. All
the statements above follow from this equation and the fact that (ay)? > 0
for all k. |

Proposition 2 (Definiteness of the inverse) If A is positive definite (neg-
ative definite), then A~" exists and is also positive definite (negative definite).

v. 2011.09.14::13.37
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Proof: First off, how do we know the inverse of A exists? Suppose Az = 0.
Then z - Az = x -0 = 0. Since A is positive definite, we see that z = 0.
Therefore A is invertible. Here are two proofs of the proposition.

First proof. Since (Az = \z) = (z =AA"'2) = (A ™'z = jx), the
eigenvalues of A and A~! are reciprocals, so they must have the same sign.
Apply Proposition 1.

Second proof.

r-Alr =y- Ay where y=A"'x.
|

We now digress a bit. Recall that the characteristic polynomial f of a
square matrix A is defined by f(\) = det(AI — A). Roots of this polynomial
are called characteristic roots of A.

Lemma 3 Every eigenvalue of a matriz is a characteristic root, and every
real characteristic root is an eigenvalue.

Proof: To see this note that if A\ is an eigenvalue with eigenvector x # 0,
then (A] — A)z = Az — Az =0, so (A — A) is singular, so det(A\] — A) = 0.
That is, A is a characteristic root of A.

Conversely, if det(A — A) = 0, then there is some nonzero x with (Al —
A)x =0, or Az = Ax. |

Lemma 4 The determinant of a square matriz is the product of its charac-
teristic roots.

Proof: (cf. Apostol [1, p. 106]) Let A be an n x n square matrix and let f
be its characteristic polynomial. Then f(0) = det(—A) = (—1)"det A. On
the other hand, we can factor f as

FO)=A=A)-- (A=)
where Ay, ..., \, are its characteristic roots. Thus f(0) = (=1)"A;---A,. 1

The proof of the next theorem may be found in Debreu [3] or Gant-
macher [5, pp. 306-308].

Theorem 5 For a symmetric matriz A:

v. 2011.09.14::13.37
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1. A is positive definite if and only if all its NW principal minors are
strictly positive.

2. A is negative definite if and only if all its k™ -order NW principal minors
have sign (—1)k.

3. A is positive semidefinite if and only if all its principal minors are
nonnegative.

4. Ais negative semidefinite if and only if all its k™ -order principal minors
have sign (—1)k or 0.

Proof: We start with the necessity of the conditions on the minors.

First note that every principal submatrix of a matrix A inherits its def-
initeness. To see this let I C {1,...,n} be the (nonempty) set of indices
of rows and columns for the submatrix. Let x be any nonzero vector with

x =0 for k ¢ I. Then

n n
.CEA.T: E E aija:ixj: E E aijxia:j,

i=1 j=1 iel jel

so the quadratic form defined by the submatrix cannot have a different sign
from the quadratic form defined by A.

By Proposition 1, if a matrix is positive definite, all its eigenvalues are
positive, so by Lemma 4 its determinant must be positive, as the product of
the eigenvalues. Thus every principal submatrix of a positive definite matrix
has a strictly positive determinant. Similarly, every principal submatrix of a
positive semidefinite matrix has a nonnegative determinant.

The results for negative (semi)definiteness stem from the observation
that a matrix A is negative (semi)definite if and only if —A is positive
(semi)definite, and that the determinant of a k'™ order submatrix of —A
is (—1)* times the corresponding subdeterminant of A.

The sufficiency part is harder. To see why such a result might be true,
consider first the case n = 2. Then, completing the square, we get

2 2
x-Ar = anxi + 26127129 + a5
2
12 2 Q11022 — Q79 o
= a11<1'1 + —1‘2) + —15
a1 a1
D
2 2 9
= Dy + = v3,
Dy

v. 2011.09.14::13.37
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| _ 1 Zﬁ 4a|
Y2 0 1 ) ’

D; = ay;, the determinant of the 1 x 1 NW principal minor of A, and
Dy = det A, the determinant of the 2 x 2 NW principal minor. In this case
it is easy to see that Dy > 0 and D, > 0 imply that A is positive definite.

Lagrange noticed that this technique could be generalized. That is, if
D1 #0,...,D, # 0 there is always a nonsingular upper triangular matrix U
(with 1s on the main diagonal), so that

where

n

YR SN

i=1

where y = Ux, Dy = 1, and D; is the determinant of the ¢ x ¢ NW principal
minor of A. Given this decomposition, known as Jacobi’s formula, it is easy
to see why the conditions D; > 0,..., D, > 0 guarantee that A is positive
definite. The matrix U is computed by using Gaussian elimination on A. For
details, see, e.g., Gantmacher [5, pp. 33-41, 300-302]. This proves parts (1)
and (2).

To prove parts (3) and (4), we use the fact that if A has rank k, then there
is a permutatlon matrix P so that A = P'AP satisfies D1 > 0,. Dk >0
and Dk+1 = ... = D = 0. Furthermore, each D is some 7 X ¢ minor
subdetermlnant of the original A. Thus there is an upper triangular matrix
U such that

k A
A . D,
v-Av=x - PAP'x = P'lv- AP'z = E -y

i=1 i1

where y = UP'z. Again see Gantmacher [5, pp. 33—41] for details. |

1.1 Quadratic forms on the unit sphere

In this section we deduce some properties of quadratic forms restricted to
subsets of the unit sphere. Consider an n X n symmetric matrix A. The
quadratic form Q(z) = z - Az is a continuous function of x, so it achieves a
maximum on the unit sphere S = { € R" : -z = 1}, which is compact.
This maximizer turns out to be an eigenvector of A, and the value of the
maximum is its corresponding eigenvalue. This eigenvalue also turns out

v. 2011.09.14::13.37
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to be the Lagrange Multiplier for the constraint that the maximizer lies
on the sphere. We can say even more, for if we restrict attention to the
subspace orthogonal to the eigenvector and look for a maximizer, we get
another eigenvector and eigenvalue. We can repeat this procedure until we
have found them all. The next proposition is, I believe, well known, but it
turns out that I could not find it written out. It is hinted at in many places,
most explicitly in Carathéodory [2, § 195].% Tt also follows from result 1f.2.iii
in Rao [10, p. 62].

Proposition 6 (Extrema of quadratic forms on the sphere) Let A be
an n X n symmetric matriz. Define x', ..., z" recursively so that z*t' maa-
imizes the quadratic form Q(x) = x - Ax over Sy = SN My, where S is the
unit sphere in R*, and M, denotes the span of z*, ..., a%, with My = {0}.
Then each 2%, k = 1,...,n is an eigenvector of A, and N\, = Q(a") is its
corresponding etgenvalue.

Note that by construction Sgi1 C Sk, S0 Ay = -+ = \,. If A is positive
definite, then A\, > 0, so we have an alternate proof of Proposition 1.

Proof: The quadratic form Q(x) = = - Az is continuously differentiable and
VQ(z) = 2Az. Let 2! be a maximizer on S = Sy. Then x' maximizes Q
subject to the constraint 1 — x - = 0. Now the gradient of this constraint
function is —2x, which is clearly nonzero (hence linearly independent) on
S. It is a nuisance to have these 2s popping up, so let us agree to maximize
sx- Az subject (1 —z-2) = 0 instead. Therefore by the Lagrange Multiplier
Theorem, there exists \; satisfying

Azt — N2t =0, (2)

This obviously implies that the Lagrange multiplier \; is an eigenvalue of
A and z' is a corresponding eigenvector. Further, it is the value of the
maximum:
Q(z") =zt - Azt = M2t -2t = A, (3)
since ' - 2! = 1.
We now proceed by induction on k. Let z', ..., 2% be recursively defined
as above and assume they satisfy the conclusion of the theorem. Let %! be

“Be advised that [2] uses the peculiar convention that an expression like a;;x;, where
a subscript is repeated, means to sum over that subscript, that is, a;;z; means > ; @ijT;
and a;;z;z; means y Zj AT

v. 2011.09.14::13.37
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lis an eigenvalue of

a maximizer of %Q over S;. We wish to show that z**
A and Ay, = Q(2F*1) is its corresponding eigenvector.

By hypothesis, 2" maximizes % () subject to the constraints %(1 —
r-2)=0,2-2'=0,...,2-2% = 0. The gradients of these constraint func-
tions are —x and !, ..., 2" respectively. By construction, z',..., z*"! are
orthonormal, so at x = 2**! the constraint gradients are linearly indepen-
dent. Therefore by the Lagrange Multiplier Theorem there exist multipliers

Agr1 and pq, ..., pg satisfying

AgFtt — )\k+1$k+1 + #1$1 +--+ ,kak = 0. (4)

Therefore
Q") = M AP = NPT T P T — T = A,
(5)
since o', ..., 2" are orthonormal. That is, the multiplier A\, is the maxi-

mum value of ) over Sj.

Next note that if © € My, then Az € My,. To see this, recall that
R” has an orthonormal basis y',... 3™ of eigenvectors of A (Apostol [I,
Theorem 5.4, p. 120]). Let 71,...,7, be the corresponding eigenvalues of
A. By the induction hypothesis, we may take y' = z',...,y* = ¥ and
Y = A,k = Mg, 50 My, is the span of {y**1 ... y"}. Writing x =

n i
> i Y’ we have

Az = i o Ay’ = i Oéi%'yi € My, .

i=k+1 i=k+1

Thus Azt — A\ 2% € My, (being the sum of two elements of M), so
equation (4) implies

APt — N 2" =0 and a4+ -+ et = 0.

(Recall that if x | y and 24y = 0, then x = 0 and y = 0. Hint: This follows
from (x+y) - (r+y)=x-24+2x-y+y-y=z-x+y-y whenz-y =0.) We
conclude therefore that Az*+! = X\, 2%, so that 2%*! is an eigenvector of
A and Mgy is the corresponding eigenvalue. |

v. 2011.09.14::13.37
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2 Quadratic forms under constraint

In subsection 1.1 above, we were interested in a quadratic form restricted
to a subspace orthogonal to a set of eigenvectors. In this section we will
generalize this problem.

A matrix A is positive definite under the orthogonality constraints
b, ..., b™ if it is symmetric and

r-Ax >0 forall z#0 satisfying b -2=0, i=1,...,m.

For brevity, when the vectors b!, ..., ™ are understood, we often say simply
that A is positive definite under constraint. The notions of negative
definiteness and semidefiniteness under constraint are defined in the obvious
analogous way. Notice that we can replace b',...,b™ by any basis for the
span of b, ..., b™, so without loss of generality we may assume that b*, ... o™
are linearly independent, or even orthonormal.

2.1 Rank and Definiteness of Quadratic Forms under
Constraint

Theorem 7 Suppose A is an nxn symmetric matriz that is negative definite

under orthogonality constraints for the linearly independent vectors b, ..., b™.

That is, x- Ax < 0 for all nonzero x satisfying B’z = 0, where B is the n xm
matriz whose 7 column is b'. Then:

[#10)

1. The matrix

1s 1nwvertible.

2. Write .
A|B 7_ C|D
B0 | D'E |

Then C' is negative semidefinite of rank n—m, with Cx = 0 if and only
if x s a linear combination of b',... b™.

Proof: (cf. Samuelson [11, pp. 378-379], Quirk [9, pp. 22-25], and Diewert
and Woodland [1, Appendix, Lemma 3])

v. 2011.09.14::13.37
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(1) Observe that

z

[2']2' ] [g, g] {x} = [2'|7] {W} =2'Ar + 2'Bz + 2'B'x.

AlB||x
Now suppose [B’ 0 } {z} = 0. Then

Axr+ Bz =0 (6)

and
B'z =0, (7)

O:[f%}h%g}ﬁ}zxwﬁ. 8)

Since A is definite under constraint, (7) and (8) imply that x = 0. Thus
(6) implies Bz = 0. Since B has linearly independent columns, this implies

0.
AB||x L x AlB| . .
Thus [ 510 ] [2} = 0 implies {z} = 0. Therefore {?’T} is invert-
ible.
AlB]™" [C|D
B0 | D'|E

(2) So write
C|D][A|B] [L]o
DVE||B[0] [ 0]L]

and observe that

Expanding this yields

CA+DB = I (9)
CB = 0 (10)
D'A+EB = 0 (11)
DB = I (12)

Now premultiply (9) by 2’ and postmultiply by Cz to get
?’CACx +2'D B'C x = 2/Cux.
<~

=0
by 10

v. 2011.09.14::13.37
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Now again by (10), we have B'C'z = 0, so C'z is orthogonal to each column of
B. That is, C'x satisfies the constraints, so x-CACz < 0 with < 0 if Cz # 0.
Thus x - Cx < 0 with < 0 if Cx # 0. That is, C' is negative semidefinite.

To see that C' has rank n — m, we show that Cx = 0 if and only if x
is a linear combination of the columns of the m independent columns of B.
Equation (10) already implies that = Bz implies Cz = 0. Now suppose
Cx = 0. Premultiply (9) by 2z’ to get

YCA+2'DB =2'.

Thus 2'C' = 0 implies (¢/D)B’ = 2/, or x = Bz, where z = Dz.

Thus C'x = 0 if and only if = is a linear combination of the columns of B.
Therefore the null space of C' has dimension equal to the rank of B, which
is m, so the rank of C' equals n — m. |

The next result is a partial converse to Theorem 7.

Theorem 8 Suppose A is an nxn symmetric matrix that is negative semidef-
inite under orthogonality constraints for the linearly independent vectors b*, ... b™.
That is, x- Ax < 0 for all nonzero x satisfying B'x = 0, where B is the n xm
matriz whose 7% column is b’. Suppose also that the matriz

A|B

B0
is invertible. Then A is actually negative definite under constraint. That is,
x - Az <0 for all nonzero x satisfying B'x = 0.

Note that if B has full rank, then there are no nonzero x with B’z = 0.

In that case the theorem is trivially true.

Proof: Suppose
T-Ar=0 and B'r=0.

Then & maximizes the quadratic form %x - Az subject to the orthogonality
constraints B’z = 0. Since the columns of B are independent, the constraint
qualification is satisfied, so by the Lagrange Multiplier Theorem, there is a
vector A € R™ satisfying the first order conditions:

Az 4+ BX = 0.

v. 2011.09.14::13.37
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1o 5] =[5 ] = o)

Since {g, ?} is invertible, we see that Z = 0 (and A = 0). Thus B’z =0

and x # 0 imply x - Az < 0. |

Thus

2.2 Determinantal conditions

Now consider the problem of maximizing the quadratic form Q(x) = %x - Ax
over the unit sphere subject to the orthogonality constraints b*-z = 0, ..., b™-
x = 0. Asin the proof of Proposition 6, we conclude that if x* is a constrained
maximizer, then there exist Lagrange multipliers \*, uj, ..., satisfying the

first-order conditions
Az* — N+ b + -+ i b™ = 0. (13)

(Here we wrote the unit sphere constraint as £ (1—z-x) = 0 to avoid unsightly
fractions.) Premultiplying equation (13) by z*, and using the fact that x* is
orthogonal to each b, we get

Q(z")=a"  Ax" = \"z" - 2" = \".

That is, the Lagrange multiplier \* is the maximum value of ().
We can combine equation (13) with the orthogonality conditions in one

big matrix equation:
A-NI|B||z"| _ |0
B |0]||p| |0

where B is the matrix whose columns are b', ..., b™ and p* is the vector with
components p3, ..., u5 . Since z* is nonzero (it lies on the unit sphere), the
. | A=XI|B .
matrix ; must be singular, so
B 0
A-XI\B
det [ i 0 } =0.

The next result is due to Hancock [0, pp. 105-114], who attributes the
approach to Lagrange.

v. 2011.09.14::13.37



KC Border Quadratic Forms 12

Proposition 9 (Hancock) Let A be an n x n symmetric matriz and let
{b', ..., 0™} be linearly independent. Let

FOV = det {%‘% |

If all the coefficients of f have the same sign, then A is negative semidefinite
under constraint.

If the coefficients of f alternate in sign, then A is positive semidefinite un-
der constraint. (Here we must consider the zero coefficients to be alternating
in sign.)

If in addition, f(0) = det {é, g] £ 0, then A is actually definite under

constraint.

Proof: Even without resort to Descartes” infamous Rule of Signs the follow-
ing fact is easy to see: If all the nonzero coefficients of a nonzero polynomial f
(of degree at least one) have the same sign, then f has no strictly positive
roots. For if all the coefficients of a polynomial f are nonnegative, then
f(0) > 0 and f is strictly increasing on (0, 00), so it has no positive roots.
Likewise if all the coefficients are nonpositive, then f(0) < 0 and f is strictly
decreasing on (0, 00), so it has no positive roots. Trivially, if f(0) # 0, then
0 is not a root.

From the discussion preceding the proposition, \*, the maximum value of
2’ Az on the unit sphere, is a root of f. If the coefficients of f do not change
sign, then A* < 0. That is, A is negative semidefinite under constraint, and
is actually definite if f(0) # 0.

The results on positive (semi)definiteness follow from the fact that \* is
a negative root of f(\) if and only if —A\* is a positive root of f(—A). |

The problem with applying Hancock’s result is that he does not provide
a simple formula for the coefficients.

v. 2011.09.14::13.37
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2.3 Bordered matrices and quadratic forms

We define the matrices of the form

-0,11 oo Ay b% bgn'
Ar1 ... Qpp bi b
S Y 0

Lm0 .. 0

to be r*? order bordered minors of A. Note that the r refers to the
number of rows and columns from A. The actual r*" order minor has m + r
rows and columns, where m is the number of constraint vectors. The proof
of the following result may be found in Debreu [3, Theorems 4 and 5] or
Mann [7]. Note that Mann errs in the statement of part 2. A proof may also
be found sketched in Samuelson [11, pp. 376-378].

Theorem 10 Let A be an n X n symmetric matriz and let {b',... 0™} be
linearly independent.

1. A is positive definite under the orthogonality constraints b*... b™ if
and only if
ai; ... Qip b% e b?ln
m| Qri Q- bi b:vn
(=D i b0 o |0
by ... 0 ... 0

forr =m+1,...,n. Thatis, if and only if every r'"-order NW bordered
principal minor has sign (—1)™ forr > m.

2. A is negative definite under the orthogonality constraints b ... b™ if

v. 2011.09.14::13.37
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and only if
ai A1y b% bT
(_1)r Q1 Ay bi br -0
bl b0 0
N /4 | P |

forr =m+1,...,n. That is, if and only if every r**-order NW bordered
principal minor has sign (—1)" for r > m.

Note that for positive definiteness under constraint all the NW bordered
principal minors of order greater than m have the same sign, the sign de-
pending on the number of constraints. For negative definiteness the NW
bordered principal minors alternate in sign. For the case of one constraint
(m = 1) if A is positive definite under constraint, then these minors are neg-
ative. Again with one constraint, if A is negative definite under constraint,
then the minors of even order are positive and of odd order are negative.

To see how to derive statement (2) from statement (1), observe that A is
negative definite under constraint if and only if —A is positive definite under
constraint, which by statement (1) is equivalent to

—a11 ... —0A1p b% ce bT

(_1)m _ar,l . .. _CLT.T. b,:,l. .. b:’l > 0
O S R
v ... ™ 0 ... 0

v. 2011.09.14::13.37
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for r = m+1,...,n. But multipying the first » rows and then the last m
columns by —1 yields

—Qa11 ... —QAip b% bgﬂ a1 ... QAip —b%

m| =@ .. =Gy N o ymtr | @1 e Gy —bl
A S Y S o | = LT o
broo... ™ 0 ... 0 b0

ai;y ... Qup b%

_ (_1)2m+r Qr1  «.. Qpr b71~

- Bl ... b 0

Y L

and (—1)*™*" = (—1)", so (2) follows.
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