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1 Classical Lagrange Multiplier Theorem

1 Definition A point z* is a constrained local maximizer of f subject to the constraints
gi(x) = a1, g2(x) = ag,..., gm(x) = u, In some neighborhood W of x* if x* satisfies the
constraints and also satisfies f(x*) > f(x) for all x € W that also satisfy the constraints.

The classical Lagrange Multiplier Theorem on constrained optima for differentiable functions
has a simple geometric interpretation, which is easiest to see with a single constraint. Consider
a point that maximizes f(z) subject to the equality constraint g(z) = a. It should be clear
from Figure 1 that at a point where a local maximum occurs, the level curves of f and g must

g=a

Figure 1: Constrained Maximum with an Equality Constraint.

be tangent. Since the gradient vectors are always perpendicular to the tangent line, they must
be colinear. Algebraically, this means that there are coefficients p* and A\* (multipliers, if you
will), not both zero, satisfying
i (2%) + Ng/(27) = 0.

In general, this is all that can be said. But if the gradient ¢’ is nonzero, then, as we shall see, the
multiplier on f’ can be taken to be unity, and we get the more familiar condition, f'+ \*¢’ = 0.
Note that this does not imply that A itself is nonzero, since f’ may be zero itself. Also note
that in general we cannot say anything about the sign of A*. That is, there is nothing to tell
us if ¢’ points in the same direction as f’, or the opposite direction. This changes when we
have an inequality constraint. If there is a local maximum of f subject to g(x) > «, then the
gradient of g points into [g > «], and the gradient of f points out. See Figure 2. This means
that we can take p*,\* > 0. Even if [¢ > o] is empty, then ¢’ = 0 (why?), so we can take
pw* =0 and \* = 1. That’s really all there is to it, so keep these pictures in mind through all
the complications needed to express these ideas formally.



KC Border Maximization with more than one variable 2

g=u

Figure 2: Constrained Maximum with an Inequality Constraint.

The proofs of the Lagrange Multiplier Theorem make use of the Implicit Function Theorem
and its corollaries. The main result is the Fundamental Lemma on Curves, which says that if
x* satisfies the m constraints g1 (z),...,gm(x) = 0, and if v is orthogonal to the gradient of
each of the independent constraints at x*, then there is a differentiable curve (&) through x*
satisfying the constraints with derivative equal to v at x*.

2 Lagrange Multiplier Theorem I Let X C R", and let f,g1,...,9m: X — R be contin-
uous. Let x* be an interior constrained local maximizer of f subject to g(x) = 0. Suppose f,

g1, --,9m are differentiable at x*, and that g1'(x*),. .., gm'(z*) are linearly independent.
Then there exist real numbers A},..., Ay, such that

@)+ Nl (@) =0.
i=1

The next result is provides a different version of the Lagrange Multiplier Theorem that
includes the first as a special case. The argument is essentially that of Carathéodory [2, Theo-
rem 11.1, pp. 175-177].

3 Lagrange Multiplier Theorem II Let X C R", and let f,g1,...,9m: X — R be contin-
uous. Let x* be an interior constrained local maximizer of f subject to g(x) = 0. Suppose f,
g1, ---,9m are differentiable at z*.

Then there exist real numbers p*, \], ..., \},, not all zero, such that

P (@) + ) Agil (%) = 0.
i=1

Furthermore, if gi'(z*), ..., gm' (%), are linearly independent, we may take p* to be unity.

Let us now consider some examples.
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4 Example (Multipliers are zero) The Lagrange Multiplier Theorem does not guarantee
that all the multipliers on the constraints will be nonzero. In fact the multipliers on the
constraints may all be zero. For instance consider the constrained maximum of

fz,y) == =" + %)
subject to the single constraint
9(@,y) ==y =0.
Observe that ¢'(z,y) = (0,1) # 0, so the gradient is linearly independent. The point (0,0) is a

constrained maximizer of f, but f'(z,y) = (—2z, —2y) is equal to zero at (0,0). Thus the only
way to solve f/(0,0) + A*¢’(0,0) is to set A* = 0. O

5 Example (Dependent constraint gradients) If you are like me, you may be tempted to
think that if the gradients of the constraints are linearly dependent, then one of them may be
redundant. This is not true. Consider the constrained maximum of

flz,y) ==
subject to the two constraints
gi(zy) = y—2"=0
ga(w,y) = y+a®=0.

It is easy to see that (0,0) is the only point satisfying both constraints, and
91(0,0) = (0,1) = g5(0,0).

Thus the gradients of the constraints are dependent at the maximizer. Since f' = (1,0), there
is no solution to f’(0,0) + Afg1(0,0) + A3g2(0,0). There is however a nonzero solution to
A5f'(0,0) + Aig1(0,0) + X592(0,0), namely A§ =0, A7 = 1, and A5 = —1.

Notice that neither constraint is redundant, since if one of them is dropped, there are no
constrained maxima. U

2 Second Order Necessary Conditions
for a Constrained Maximum

6 Theorem (Necessary Second Order Conditions for a Maximum) Let U C R" and
let * € intU. Let f,g1,...,9m: U — R be C?, and suppose =* is a local constrained maximizer
of f subject to g(x) = 0. Define the Lagrangean L(z,\) = f(x) + Y. i, Aigi(z). Assume
that g1’ (x*), ..., gm/(x*) are linearly independent, so the conclusion of the Lagrange Multiplier
Theorem holds, that is, there are A}, ..., A}, satisfying the first order conditions

Li(z", X)) = f'(@*) + ) Ajgi'(2*) = 0.
1=1

Then
n n
Z Z D;;L(z*, \*)vjv; <0,
i=1 j=1
for all v # 0 satisfying g;'(z*) -v=0,i=1,...,m.
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3 Constrained Minimization

Since minimizing f is the same as maximizing —f, we do not need any new results for mini-
mization, but there a few things worth pointing out.
The Lagrangean for maximizing — f subject to ¢; =0,i=1,...,m is

2)+ Y Nigi()
i=1

The second order condition for maximizing — f is that
n n
33 () 3o Duste) s <0
i=1 j=1

for all v # 0 satisfying g;/(z*) -v =0, i = 1,...,m. This can be rewritten as

ZZ( z]f Z)\* Z]g >2)Z’U]/O,
i=1 j=1

which suggests that it is more convenient to define the Lagrangean for a minimization problem

as
(CC >‘ Z Azgz

The first order conditions will be exactly the same. For the second order conditions we have
the following.

7 Theorem (Necessary Second Order Conditions for a Minimum) Let U C R" and
let x* € intU. Let f,g1,...,9m: U — R be C?, and suppose x* is a local constrained minimizer
of f subject to g(x) = 0. Define the Lagrangean

(‘/E )‘ Z )\191

Assume that gi'(z*), ..., gn'(2*) are linearly independent, so the conclusion of the Lagrange
Multiplier Theorem holds, that is, there are \},...,\} satisfying the first order conditions

L (x )\* = Z)\*gl * =

Then

n

Z En: Di;L(z™, A")vivj > 0,

i=1 j=1

for all v # 0 satisfying g;'(z*) -v=0,i=1,...,m
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4 Classical Envelope Theorem

8 Theorem (Envelope Theorem for Maximization) Let X ¢ R® and P C R’ be open,
and let f: X x P — R be C'. For each p € P, let x*(p) be an interior local maximizer of
f(,p). Assume that z*: P — X is C1. Set

Then V is C' and
D;V(p) = Dpyif (" (p),p) -

ov __ oOf
Or g5 = ap; la=ar()-

Proof: By definition V(p) > f(x,p) for all z,p, and V(p) = f (x*(p),p). Thus the function

h(p,z) =V (p) — f(z,p)

achieves a minimum whenever (p, z) = (p, x*(p)) The first order conditions for a minimum of
h are:
Dih(p,z) =0, i=1,...,n+¢.

But D;h(p,z) = D;V(p) — Dptif(x,p) for i =1,...,n. |
9 Theorem (Envelope Theorem for Constrained Maximization) Let X C R" and P C

R! be open, and let f,91,---,9m: X x P— R be C'. For each p € P, let x*(p) be an interior
constrained local maximizer of f(x,p) subject to g(z,p) = 0. Define the Lagrangean

i=1

and assume that the conclusion of the Lagrange Multiplier Theorem holds for each p, that is,

there exist real numbers \i(p), ..., A\, (p), such that the first order conditions Notation!!!!
OL(z*(p), \*(p). p \ S .
( 5 ) _ Fo(@(p),p) + Y N (p)gily (27 (p),p) = 0
i=1

are satisfied. Assume that x*: P — X and \*: P — R™ are C1. Set

Then V is C' and

oV(p) _ OL(x"(0). X"(p)p) _ Of(a",p) zm: At () 20" )
) 8pj

apj apj apj

=1

Proof: Clearly V is C! as the composition of C' functions. Since z* satisfies the constraints,

we have
m

V(p) = f @ (p),p) = f @ (p),p) + > A (D)gi(", p)-

=1
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Therefore by the chain rule,

ovV(p) @iwwmmﬁv af(a*,p)

Ip; Pt Ox,  Op; apj
+Z{ z*,p) + A (p) Kkil agiéivp) 3;:) 391((%,17)”
=:W%”+gﬁ@%£@
p)g( “,p) (1)
+ Z (afaxk * Z)‘* 3gza$k, p)) aa:;:' (2)

The theorem now follows from the fact that both terms (1) and (2) are zero. Term (1) is zero

since z* satisfies the constraints, and term (2) is zero, since the first order conditions imply
8f s * 9 i *7 —

that each ( p —1—2?11)\()%]6]0)—0. |

10 Theorem (Envelope Theorem for Minimization) Let X C R" and P C R’ be open,

and let f,g1,...,9m: X x P — R be C'. For each p € P, let x*(p) be an interior constrained

local maximizer of f(x,p) subject to g(x,p) = 0. Define the Lagrangean

L(z, A;p) Z)\zgz z,p),

and assume that the conclusion of the Lagrange Multiplier Theorem holds for each p, that is,

there exist real numbers \j(p), ..., A5, (p), such that the first order conditions Notation!!!!
OL(z*(p), \* (1), p) . e .
o = fi(@*(0),p) = D_ A (p)git (¢*(p),p) = 0

1=1

are satisfied. Assume that x*: P — X and \*: P — R™ are C. Set

Then V is C' and

OV (p) _ OL(z*(p),X*(p).p) _ 9f(z*,p) <~
Op; Op; - Op; Z;Al

Ogi(2*,p)

The proof is the same as that of Theorem 9.
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5 Inequality constraints

The classical Lagrange Multiplier Theorem deals only with equality constraints. Now we take
up inequality constraints. We start by transforming the problem into one involving only equality
constraints. Takayama [9] attributes this approach to Karush [4]. T learned it from Quirk [7].

11 Theorem (Karush) Let U C R" be open, and let f,gi,...,g9m: U — R be twice contin-
uously differentiable on U. Let x* be a constrained local maximizer of f subject to g(x) = 0
and x = 0.

Let B = {i : gi(z*) = 0}, the set of binding constraints, and let Z = {j : x; = 0}, the set
of binding nonnegativity constraints. Assume that {g;'(z*) :i € B} U{el : j € Z} is linearly
independent. Then there exists \* € R™ such that

F@*)+ ) Nl @) £ 0. (3)
i=1

¥ (f’(a:*) + Z )\fgi'(:v*)) =0 (4)
i=1

A =0. (5)
A" g(a®) =0. (6)
Proof: Introduce m + n slack variables yi,...,ym, and z1,...,2,, and consider the equality
constrained maximization problem:
maximize f(z) subject to ¢'(x) —y? =0,i=1,...,m, and T — z]2 =0,j=1,...,n.
Define y* and z* by
yi =V gi(z*) (7)
f= /T ®)

Observe that (z*,y*, 2*) solves the equality constrained maximization problem.
Soon U x R™ x R" define

f_(x,y,z) = f(x)a
§@($,y,2)=gz($)—y12, izla"wma
ﬁj(x,y,z):xj—z?, j=1,...,n.

Note that these functions are also twice continuously differentiable. Then (z*, y*, 2*) solves the
revised equality constrained maximization problem:

maximize f(z,y, z) subject to gi(z,y,2) =0,i=1,...,m, and hj(z,y,2) =0,j=1,...,n.

In order to apply the Lagrange Multiplier Theorem to this revised equality constrained problem,
we need to verify that the gradients of g;(z*,y*,2*),i =1,...,m and h;(m*,y*, z),7=1,...,n
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of the constraints Wit}} respect to the variables x,y, z are linearly independent. So suppose
Sy igl + Y2,y nBhl = 0. Now

g (z*) . ¢/
gi(z*,y*, 2" = | —2yre’ and Wi(x*,y*, 2%) = 0 1. (9)
0 —2z5el

So the y; component of this sum is just —2«;y;. Therefore
i¢B <<= y; >0 = o; =0.
Similarly the z; component is —20;z7, so
j¢Z = z;>0 = B;=0.

Given this, the x component is just

Zaigg(az*) + Zﬂjej =0.

i€B jez

By hypothesis, these vectors are linearly independent, so we conclude that a; = 0, ¢ € B, and
B; =0, j € Z, which proves the linear independence of the constraint gradients of the revised
equality problem.

So form the Lagrangean

L(z,y, A1) = f(z,y,2 +Z/\zgzxy, +Zu3 (,y, 2)-
m
= flz)+ Z)\i(gi(l“) — i) + ZM;‘(%
i=1 j=1
Then by the Lagrange Multiplier Theorem 2 there are multipliers A7, ¢ = 1,...,m and ,u;‘-,
j=1,...,n such that the following first order conditions are satisfied.
*891 * .
axj ;A +ui=0  j=1,...,n, (10)
—2uiz; =0 j=1,...,n (12)

Now the Hessian of the Lagrangean L (with respect to (, %, z) and evaluated at (z*, y*, 2*; \*, u*))
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is block diagonal:

[ _0%L . %L 7
al‘laxl 8$18$n
%L o %L
Oxn0x1 0xn 0y

—oN

—2N,

*

=21

—2qtr,

From the second order conditions (Theorem 6) for the revised equality constrained prob-
lem, we know that this Hessian is negative semidefinite under constraint. That is, if a vector
is orthogonal to the gradients of the constraints, then the quadratic form in the Hessian is
nonpositive. In particular, consider a vector of the form v = (0,e*,0) € R* x R™ x R™ It
follows from equation (9) that for ¢ # k this vector v is orthogonal to g;(z*,y*, z*), and also
orthogonal to B; (z*,y*,2*), j =1,...,n. The vector v is orthogonal to g, (z*, y*, 2*) if and only
if y;; = 0, that is, when k € B. Thus for k € B the second order conditions imply —2A; < 0, so

gz(x*) =0 = )\;k > 0.

Next consider a vector of the form u = (0,0,¢e*) € R* x R™ x R™. Tt follows from equation (9)
that this vector u is orthogonal to each g}(z*,y*,2*) each B;-(x*,y*, z*) for j # k. The vector
u is orthogonal to ﬁﬁg(x*,y*, z*) if and only if 2} = 0, that is, j € Z. Again the second order
conditions imply that the quadratic form in u, which has value —2p} is nonnegative for k € Z,
o

;=0 = p; >0.

Now if i ¢ B, that is, g;(z*) > 0, so that y; > 0, then from the first order condition (11) we
have A} = 0. Also, from (12), if z7 > 0, so that 27 > 0, then p7 = 0. That is,

gi(z") >0 = A =0 and ;>0 = ;=0

Combining this with the paragraph above we see that A* =2 0 and p* =2 0. Thus equation (10)
implies conclusion (3). A little more thought will show you that we have just deduced condi-
tions (4) through (6) as well. |

There is a simple variation on Karush’s approach that applies to mixed inequality and
equality constraints. To prove the next result, simply omit the slack variables for the equality
constraints and follow the same proof as in Theorem 11.
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12 Corollary Let U C R"™ be open, and let f,q1,...,9m: U — R be twice continuously
differentiable on U. Let z* be a constrained local maximizer of f subject to

Let B = {i € E°: g;(«*) = 0} (binding inequality constraints), and let Z = {j € N : z; = 0}
(binding nonnegativity constraints). Assume that

{9/(x*):i € EUBYU{¢ : j € Z} is linearly independent,

then there exists \* € R™ such that

of(z) m s 095(7) ,
. * <
ot SN o < 0 jeN,
Of (@) | m \o09i(") e
81’2‘ + Ej:l )\’L amz =0 J € N )

A0 i€ Ee

v (@) + T Xg' (@) = 0
A*-g(x*) =0.

We now translate the result for minimization.
13 Theorem (Minimization) Let U C R" be open, and let f,q1,...,9m: U — R be twice
continuously differentiable on U. Let z* be a constrained local minimizer of f subject to
g(x) 20 and z 2 0.

Let B = {i : gi(z*) = 0}, the set of binding constraints, and let Z = {j : x; = 0}, the set
of binding nonnegativity constraints. Assume that {g;'(z*) :i € B} U{el : j € Z} is linearly
independent. Then there exists \* € R™ such that

@) = 3 Xl (2) 2 0. (13)
=1

" (f’(w*) - /\ng/(fr*)> =0 (14)
i=1

A =>0. (15)
A*-g(z*) =0. (16)
Proof: As in the proof of Theorem 11, introduce m+n slack variables y1, ..., ym and 21, ..., zn,

and define f(x,% Z) - f($)7 gi(xayaz) = gl(x) - yz‘27 i=1,...,m and Bj(xayaz) = Tj — 212'7
j=1,...,n. Again define y* by y = \/gi(z*) and 2" by 2} = \/%;- Observe that (z*,y*, z*)

solves the revised equality constrained minimization problem:



KC Border Maximization with more than one variable 11

minimize f(z,y,2) subject to gi(z,y,2z) =0, i = 1,...,m, and h;(z,y,2) = 0,
j=1...,n.
The proof of the linear independence of the constraint gradients of the revised equality
problem is the same as in Theorem 11.
So form the Lagrangean
m n
L(z,y, 20, 1) = f(&) = Y Nilgi(@) = v7) =D ey — 23).

i—1 j=1

Then by the Lagrange Multiplier Theorem 2 there are multipliers A7, ¢ = 1,...,m and ,u;'f,

j=1,...,n such that the following first order conditions are satisfied.
Of (%) <~ 9gi(z") ,
— \* —uf=0 =1,...,n, 17
oz, Z ow, M J n (17)
i=1
2\y; =0 i=1,...,m, (18)
2uiz; =0  j=1,...,n (19)

The Hessian of the Lagrangean L (with respect to (z,, z) and evaluated at (z*, y*, 2*; \*, u*))
is:

[ 0%L L 9*L 7
O0x10x1 0x10xy
%L o %L
Oxn 01 0xn 0Ty
k
2\,
2p1y

i 247,
From the second order conditions for minimization (Theorem 7) for the revised equality con-
strained problem, we know that this Hessian is positive semidefinite under constraint. In
particular, as in the proof of Theorem 11, we have that

gi(z*) =0 = A7 > 0.
;=0 = p; >0.
From the first order conditions, if ¢ ¢ B, that is, g;(z*) > 0, so that y’ = 0, then A} = 0.
Also if x; > 0, so that 27 = 0, then p; = 0. That is,
gi(z") >0 = A/ =0 and ;>0 = p; =0

Combining this with the paragraph above we see that A* =2 0 and p* = 0. Thus equation (17)
implies conclusion (13). A little more thought will show you that we have just deduced condi-
tions (14) through (16) as well. |
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14 Corollary Let U C R"™ be open, and let f,q1,...,9m: U — R be twice continuously
differentiable on U. Let x* be a constrained local minimizer of f subject to

gi(x)=0 i€E,
gl(m)>0 ieEcv
;=20 j€N.

Let B = {i € E°: g;(«*) = 0} (binding inequality constraints), and let Z = {j € N : x; = 0}
(binding nonnegativity constraints). Assume that

{9/(x*):i € EUBYU{¢ : j € Z} is linearly independent,
then there exists \* € R™ such that

If(x*)  m  0gi(z") ,
— * >
o SN T 0 jEN,

of (z*) m 095 (7%) ,
* — NC
oz, + E LA o1, 0 je€Ne©,

>0 Qe E-
2 (f1) + S Ny )
) =

-g(z”

6 Kuhn—Tucker Theory

A drawback of Karush’s approach that it assumes twice continuous differentiability in order
to apply the second order conditions and thus conclude A\* = 0 and p* = 0. Fortunately,
Kuhn and Tucker [5] provide another approach that remedies this defect. They only assume
differentiability, and replace the independence condition on gradients by a weaker but more
obscure condition called the Kuhn—Tucker Constraint Qualification.

15 Definition Let f,g1,...,9m: R} — R. Let
C={zeR":220, gi(x) 20, i=1,...,m}.
In other words, C' is the constraint set. Consider a point * € C' and define
B={i:gi(z*) =0} and Z = {j : z; = 0},

the set of binding constraints and binding nonnegativity constraints, respectively. The point
x* satisfies the Kuhn—Tucker Constraint Qualification if f,gi,..., g, are differentiable at
x*, and for every v € R" satisfying
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there is a continuous curve £: [0,e) — R" satisfying

§0) = a7,
E(t)eC for all t € [0,¢),
DEO) = v,

where DE(0) is the one-sided directional derivative at 0.

This condition is actually a little weaker than Kuhn and Tucker’s condition. They assumed
that the functions f, g1, ..., g, were differentiable everywhere and required & to be differentiable
everywhere. You can see that it may be difficult to verify it in practice.

16 Theorem (Kuhn-Tucker) Let f,gi,...,9m: R} — R be differentiable at x*, and let z*
be a constrained local maximizer of f subject to g(x) 2 0 and z = 0.

Let B = {i : g;(z*) = 0}, the set of binding constraints, and let Z = {j : x; = 0}, the
set of binding nonnegativity constraints. Assume that x* satisfies the Kuhn—Tucker Constraint
Qualification. Then there exists \* € R™ such that

Fl@) +) Agi'(=*) £0,
i=1

a” - (f’(x*) + Zkfgi'(m*)> =0,
i=1
AT 20,
A*-g(z*) =0.

To better understand the hypotheses of the theorem, let’s look at a classic example of its
failure (cf. Kuhn and Tucker [5]).

17 Example (Failure of the Kuhn-Tucker Constraint Qualification) Let f: R? — R
via f(z,y) = x and g: R?> — R via g(z,y) = (1—x)% —y. The curve g = 0 is shown in Figure 3,
and the constraint set in Figure 4.

Clearly (z*,y*) = (1,0) maximizes f subject to (z,y) = 0 and g > 0. At this point we have
g'(1,0) = (0,—1) and f’ = (1,0) everywhere. Note that that no A (nonnegative or not) satisfies

(1,0) + A(0,—1) < (0,0).

Fortunately for the theorem, the Constraint Qualification fails at (1,0). To see this, note that
the constraint g > 0 binds, that is g(1,0) = 0 and the second coordinate of (z*,y*) is zero.
Suppose v = (v, vy) satisfies

v-¢'(1,0)=v-(0,-1) = —v, <0 and v-e? =uv, >0,

that is, v, = 0. For instance, take v = (1,0). The constraint qualification requires that there is
a path starting at (1,0) in the direction (1,0) that stays in the constraint set. Clearly no such
path exists, so the constraint qualification fails. O

Consistent notation?
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Figure 3: The function g(z,y) = (1 —z)% — y.
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Figure 4: This constraint set violates the Constraint Qualification. (Note: f’ and ¢’ are not to
scale.)
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7 Kuhn—Tucker Theorem for Minimization

18 Theorem (Kuhn-Tucker) Let f,g1,...,9m: R} — R be differentiable at x*, and let x*
be a constrained local minimizer of f subject to g(x) 2 0 and z = 0.

Let B = {i : gi(z*) = 0}, the set of binding constraints, and let Z = {j : x; = 0}, the
set of binding nonnegativity constraints. Assume that x* satisfies the Kuhn—Tucker Constraint
Qualification. Then there exists \* € R™ such that

Fl@) =) Xigl(2*) 2 0,
=1

2 (f’(x*) -y A;f‘y/(x*)) —0,
i=1
A* z 0’
A*g(z*) =0.

Proof: Minimizing f is the same as maximizing —f. The Kuhn—Tucker conditions for this
imply that there exists A\* € RY' such that

~FE) 4> Nl (@) 0,
i=1
and the conclusion follows by multiplying this by —1. |

8 Quasiconcave functions
There are weaker notions of convexity properties that are commonly applied in economic theory.

19 Definition A function f: C'— R on a convex subset C of a vector space is:

e quasiconcave if
fOz+ (1= Ny) > min{f(z), f(y)}
for all x,y in C and all 0 < A\ < 1.

e explicitly quasiconcave or semistrictly quasiconcave if it is quasiconcave and f(x) >

f(y) implies f(Az + (1 — N)y) > f(y) for every X € (0,1).

e strictly quasiconcave if f(Az+ (1—X)y) > min{f(z), f(y)} for all z,y in C withz # y
and all 0 < A < 1.

e quasiconvex if f(Az + (1 — \)y) < max{f(z), f(y)} for all z,y in C and all 0 < X < 1.

e explicitly quasiconvex or semistrictly quasiconvex if it is quasiconvex and f(z) <
f(y) implies f(Az + (1 — N)y) < f(y) for every X € (0,1).
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e strictly quasiconvex if f(Az + (1 —\)y) < max{f(z), f(y)} for all z,y in C withz # y
and all 0 < A < 1.

Then next lemma is a simple consequence of the definitions.

20 Lemma A concave function is quasiconcave. A convex function is quasiconvex.

Of course, not every quasiconcave function is concave. For instance, the function in Figure 5
is quasiconcave but not concave.

Figure 5: This function is quasiconcave, but not concave.

Characterizations of quasiconcavity are given in the next lemma.

21 Lemma For a function f: C'— R on a convex set, the following are equivalent:
1. The function f is quasiconcave.
2. For each a € R, the strict upper contour set [f(z) > «] is convex, but possibly empty.

3. For each o € R, the upper contour set [f(x) > «a] is convex, but possibly empty.

Proof: (1) = (2) If f is quasiconcave and z,y in C satisfy f(z) > « and f(y) > «, then for
each 0 < A <1 we have

f(Az+ (1= Ny) >min{f(z), f(y)} > a.

(2) = (3) Note that

[fzal=f>a-7]
n=1
and recall that the intersection of convex sets is convex.
(3) = (1) If [f > @] is convex for each @ € R, then for y, z € C put a = min{ f(y), f(z)}
and note that f(Ay + (1 — X)z) belongs to [f > o] for each 0 < A < 1. |

Quasiconcavity is a weaker property than concavity. For instance, the sum of two quasicon-
cave functions need not be quasiconcave.
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22 Example (Sum of quasiconcave functions is not quasiconcave) Define f and g on
the real line by

fz) =

0 <0 T T
>0

<0
T T , 0 x> 0.

Then both f and g are quasiconcave. For instance, [f > «] is either R or [a, 00), each of
which is a convex set. (Observe that f and g are both convex functions as well!) The sum
(f + g)(z) = |z| is not quasiconcave, since for a > 0, [f + g > a] = (—o0, —a] U [a, 00), which
is not a convex set. 0

The next result has applications to production functions. (Cf. Jehle [3, Theorem 5.2.1,
pp. 224-225] and Shephard [8, pp. 5-7].)

23 Theorem Let f: R} — R, be nonnegative, nondecreasing, quasiconcave, and positively
homogeneous of degree k where 0 < k < 1. Then f is concave.

Proof: Let z,y € R" and suppose first that f(z) = a > 0 and f(y) = f > 0. Then by

homogeneity,
)-3)
ak O

f()\ler(l—/\)y) >1

ak ﬁ%

By quasiconcavity,

1

for 0 < A < 1. So setting A = —2*+, we have
aE+ﬂE

By homogeneity,
1 1 1 1k
fla+y) > (ak +B5)" = [f(2)* + f(y)*]"
Observe that since f is nonnegative and nondecreasing, (20) holds even if f(z) = 0 or f(y) = 0.
Now replace z by px and y by (1 — )y in (20), where 0 < p < 1, to get

(20)

P+ =) > [t + 10—t

_ [,,Lf(g;)%Jr(l—u)f(y)%]k
> u(f@)%) + 1= w(f@)*)"
= pf(x)+Q—pfy),

where the last inequality follows from the concavity of v — ~*. Since = and y are arbitrary, f
is concave. |
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9 Quasiconcavity and Differentiability
Quasiconcavity has implications for derivatives.

24 Proposition Let C C R" be convex and let f: C' — R be quasi-concave. Let y belong to C'

My—z))—
and assume that f has a one-sided directional derivative f'(z;y —x) = limy o f(er g /\x)) f(x).

Then

fyzfe) = floy-—2)20
=0

In particular, if f is differentiable at x, then f'(z) - (y — x) whenever f(y) = f(x).

Proof: If f(y) > f(z), then f(z + Ay —z)) = f((1 = Nz + Ay) = f(z) for 0 < A < 1 by

My—2)) —
quasiconcavity. Rearranging implies f(H < /\2)) 1) > 0 and taking limits gives the desired

result. [ |

25 Theorem Let C' C R" be open and let f: C — R be quasiconcave and twice-differentiable
at x € C. Then

n n 2
Z Z ’ f(xA) vw; <0 for any v satistying f'(x) - v = 0.

Proof: Pick v € R" and define g(\) = f(z 4+ Av). Then ¢(0) = f(z), ¢'(0) = f'(x) - v, and
g"(0) = X211 205 ngai) viv;. What we have to show is that if ¢/(0) = 0, then ¢”(0) < 0.
Assume for the sake of contradiction that ¢’(0) = 0 and ¢”(0) > 0. Then g has a strict local
minimum at zero. That is, for ¢ > 0 small enough, f(z +ecv) > f(z) and f(x —ev) > f(x).
But by quasiconcavity,

fl@) = f(5(@+ev) + 5(z — ev)) > min{f(z + v), f(z — cv)} > f(2),

a contradiction. [ |

10 Quasiconcavity and First Order Conditions
The following theorem and its proof may be found in Arrow and Enthoven [1].

26 Theorem (Arrow—Enthoven) Let f,g1,...,9m: R} — R be differentiable and quasi-
concave. Suppose z* € RY and \* € R™ satisfy the constraints g(z*) 2 0 and 2* = 0 and the
Kuhn—Tucker—Lagrange first order conditions:

o) + Y7 Mgy (@) £ 0
z* (f’(w*) + 7 N (@) = 0
>0

A*g(x*) = 0.

Notation? Definition?
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Say that a variable x; is relevant if it may take on a strictly positive value in the constraint
set. That is, if there exists some & 2 0 satisfying &; > 0 and g(Z) 2 0.

Suppose one of the following conditions is satisfied:

a *

1. f@) < 0 for some relevant variable x, .
8xj0
8 *

2. M > 0 for some relevant variable x;, .
8.%‘]'1

3. f'(x*) # 0 and f is twice differentiable in a neighborhood of x*.

4. f is concave.

Then z* maximizes f(x) subject to the constraints g(z) = 0 and x = 0.
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