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This is a gentle introduction to consumption-based asset pricing, based
on Sargent’s [2] treatment of Lucas [1].

As a notational convention, variables that are random from the point of
view of time ¢ are denoted by boldface symbols.

1 Consumers

Consumers live forever and care about the expected value

IDEE:BnU(Cﬂqo,
n=0

where ¢; is consumption at time ¢. The per period utility, v is assumed to
be strictly increasing, concave, and twice continuously differentiable. (Later
on, we shall take u(c) =1Inc.)

Each period t, the consumer must allocate wealth w; between consump-
tion ¢; and asset accumulation a;. Thus the budget at time ¢ is

¢+ ap < wy.
Assets grow at the random rate R;,; — 1 between period ¢t and t + 1,
w1 = Ry,
The Bellman optimality equation for the consumer with wealth w is

V(w) = max u(w —a) + S EV(Ra).

0<asw

The first order condition for an interior maximum at a* is
—u(w—a*)+ B E (V' (Ra*)R) = 0. (1)
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By the Envelope Theorem (see, e.g., [3, Theorem 4.11]),
0

V(w) = 0

{u(w—a*)+ﬁEV(Ra*)} =u'(w —a*). (2)
So
U,(C:) = 5E(UI(C:+1)Rt+1>a
where ¢* = w — a*, or
3 u'(cfiq)
u'(cf)

Rt+1 = ]_ (3)

Comparison with the two period non-random case

In the two period non-random case, the consumer maximizes

u(cr) + Bu(cs)

subject to
c1+a=w
¢y = Ra
or equivalently
c1 + %cg = w.

The Lagrangean is

u(er) + Bu(es) + A (w - %02)

and the first order conditions are
u'(cf)—A=0

Bu'(c3) — Ap =0

so rearranging, and dividing the latter by former yields
u'(c5)
u'(c7)

B

R=1,
which is the analog of (3).

v. 2012.02.12::15.18



KC Border Lucas’s “Tree” Model 3

2 The orchard economy

There are n identical consumers and n trees. Trees live forever and bear fruit
every season. Fruit is perishable and cannot be stored. Trees are the only
asset, and fruit is the only consumption good.

The quantity of fruit per tree at time ¢ is d;. It is the same for all trees.
The fruit dividend follows a Markov process, bounded between 0 < d < d.
Trees are traded each period after the fruit has been harvested. The market
price of a tree (in units of fruit) at time ¢ is p;.

Let s; denote the number of trees owned at the start of period . Then
an individual’s wealth w; (in units of fruit) is simply the the fruit he has
harvested plus the value of the tree, times the number of trees:

Wy = (pt + dt)St.

Thus
Diy1 T dia

Dbe

Rt+1 =

and (3) becomes
BE u'(€y1) Py + dia
w'(cy) Dt

=1, (4>

3 The price of trees

From (4) we get

pe =B E, {uu(,?g)l) (Pr1 + dt+1)}

Now recurse forward,

u'(c o)
=0F —r d
P11 =0 t+1{u,(cr+1)(Pt+2+ t+2) ¢
" u'(cp i) u'(c o) u'(cr o)
— E t+ d 2 t+ d 2 t+
" t{ﬁ wlep) M ey e ) P
etc., so

pt = By {iﬁ"%dﬁn} <5>
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4 Market Clearing

In order for the the prices to clear the market for trees, then at each ¢ we
must have

*
s; =1
*
a; = Pt
*
Ct:dt°

Thus, according to (5), the equilibrium price must satisfy
- ' (dy+n)
- F E " dy, p .
Pt ¢ {n:1 5 w(dy) i+

Special case
If

u(c) =lIne,

(the Cobb-Douglas case), then u'(¢) = 1/c¢ and we have

00 dt
Dt = Et {Z ﬁ” dt+n} - %dt (6)
n=1

dt+n

5 Taxation

In this section we maintain the assumption that u(c) = Ine¢, and add a
government sector. The government’s consumption per capita g, is given by

Gt = €vdy,

where ¢; is a Markov process taking values in (0, 1).
Consider the following two tax regimes.

e Lump sum taxation of individuals.

e Tax on trees.
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5.1 Lump sum taxation

In this regime, the consumer is taxed an amount 7, so the budget is
Ct+at:wt—Tt.

Let pt denote the equilibrium price of trees at time ¢ under this scheme.
Then
= (PtL + dt) St
SO
Pr + dt+1
pt

Market clearing requires that s; = 1 and ¢ = (1 — &;)ds, so (4) becomes

Ry =

(1= &n)diir) Py + (1= €1)din _q
U'((l - 5t>dt) p{“ ’

BE

so (5) becomes
oo /
L n U ((1 - €t+n)dt+n)
pe = Ey B diinp-
t {; 'LL’((l — 8t)dt)
For logarithmic utility we have
— 51& dt
=F " diin
! {ZB 1— €t+n)dt+n " }
=g {3 )

5.2 Tax on trees

In this regime, the there is a tax 7; on each tree owned at the beginning of
the period. Let pf denote the equilibrium price of trees at time ¢ under this
scheme. Then

Wy = ((PtT - 1)+ dt)5t7

so the budget remains
Ct + ar = W,
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but .
Dipq tdi1 — Tip

Rt+1 = pT
t

Thus (4) becomes

/ T
u'(Ceq1) Py + divr — T

PE e oT

=1,

So using 7, = £4dy,

T _ u'(ci1)
pp =BE w(cy)

Recursing forward leads to this analog of (5)

pt = E; {Z B"(1 — €14n) (C(t:;)dﬁn}

or using ¢; = (1 — &;)d;
/((1 - €t+n)dt+n)
n diin ;-
{Zﬁ Eft+ /((1—5t)dt) t+
For log utility this becomes

ptT = E; {Z ﬁn(l - €t+n)( 1 —e)de dt+n}
n=1

1- €t+n)dt+n
B

= 1 5(1 — Et)dt'

(ptT—H + (diy1 — Tt+1)) =1.

5.3 Comparison

Since 0 < &; < 1, we have 1/(1 — ;) > 1 for each ¢, so E;1/(1 — €44p) > 1

for each n, so

o

> B ———

n=1

Thus from (7) and (8), we have

1_ t+n

L T
Dy > Py -
In other words, under a lump sum tax on consumers, the price of trees is

higher than under a tax directly on trees—even though the taxes have no real
effects in this model.
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