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This is the the more or less traditional approach to cost minimization, as found in
say Samuelson [!, pp. 57-69].

1 Production functions

The economists’ somewhat lame standard approach to production is to assume that there
is production function that relates output to inputs. That is, the maximal quantity
of output y that can be produced with a list z = (z1,...,x,) of inputs is given by

y=fx1,...,2,).

This formulation has built into it the assumption of no joint production. There is
only one output per producer. It is not that we cannot deal with joint production, I'll
cover that in a separate note, it is merely a convenient benchmark, and it is a gentle
introduction for students. We will assume the following usually unstated assumptions.

P.1 The production function f: R} — R is continuous, and twice continuously differ-
entiable on R _ .

P.2 At each point z > 0, we have f’(x) > 0, which is a strong monotonicity condition.

P.3 The production function satisfies the following strong quasiconcavity condition. At
each z > 0, the Hessian is negative definite on the subspace orthogonal to the
gradient. That is, for all v € R",

z”: Zn: fij(x)viv; <0 v#0and f'(z)-v=0,

i=1 j=1

where f;;(z) = /() This is equivalent to

T Oz;i0x;
fu - fip L
(=1)? >0 p=2,...,n
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In particular,

fll fln fl
£ 0.
fnl fnn fn

P.4 If f(x) > 0, then z > 0,.

Under these conditions, for w > 0 and y > 0,there is always a unique cost minimizing
input vector z and it satisfies Z > 0.

2 Cost minimization

Mathematically the cost minimization problem can be formulated as follows.

minimize w -z subject to f(z) >y, © =20,
x

where w > 0 and y > 0.

It is clear that we can replace the condition f(x) > y by f(x)—y = 0 without changing
the solution. Let Z(w,y) solve this problem, and assume that £ > 0. The Lagrangean
for this minimization problem is

w-x—)\(f(a:) —y).

The gradient of the constraint function (with respect to z) is just f'(Z), which is not
zero. Therefore by the Lagrange Multiplier Theorem, there is a Lagrange multiplier A
(depending on w, y) so that locally the first order conditions

wi—j\(w,y)fi(i:(w,y)) =0, 1=1,...,n, (1)

where f;(x) = agg(;'_‘”), and the constraint

y— f(2(w,y)) =0 (2)

hold for all w,y. Note that (1) implies that 2> 0.
The second order condition is that

5\ Z Z fij (i‘)vﬂ)j < 0, (3)

i=1 j=1
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for all v € R" satisfying
Fi(@) 0= fil&)v; = 0.
i=1

Using the method of implicit differentiation with respect to each w; on (1) yields:

O : o Oy, i=1,...,n
0ij — 5 fi(Z) — A (@) —=0, . T, 4
/ 8wjf(x) ;fk(x)awj i=1,...,n (4)
where 9;; is the Kronecker delta,
1 if = j
51']' —
0 if i £ 5.
Differentiating (1) with respect to y yields
O o~ Oy,
——fzi—)\ fz i—zO, ’i:].,...,’l'l,, 5)
D) =AY )
Now differentiate (2) with respect to each w; to get
=, .\ 0f _
—ka(w)a—k:(), j=1,....n, (6)
- Wy
k=1
and with respect to y to get
- o)
= fuld) = +1=0. (7)
k=1 0y

We can rearrange equations (4) through (7) into one gigantic matrix equation:

_an o M fl- —g_g L f’aiyl _1 0 ... ... 0 0_
0
= 0
Mot oo MNom fn Gin . Dia O 0 ... ... 0 1 0
i f. 0 2 2 2 0 ... .0 1
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(4) ()

©6) ...| (7

Figure 1. The blocks in the matrix version of equations (4) through (7).

To see where this comes from, break up the (n+1) x (n+1) matrix equation into four
blocks. The upper left n x n block comes from (4). The upper right n x 1 block comes
from (5). The lower left 1 x n block comes from (6), and finally the lower right 1 x 1
block is just (7). What this tells us is that

b - —

011 0T, 01y . .
(9_w1 T dw, a_y Afir oo Afin S
= (8)
0Ty, o, 01, 5 5
O\ oX O\
—_— ... — e n 0
i awl awn ay | | fl f ]
Condition P.3 implies that the n x n matrix
ow, ~~ Ow,
0Ty, 0Ty,
L Ow, T Ow,

is negative semidefinite of rank n—1, being the upper left block of the inverse of a bordered
matrix that is negative definite under constraint. (See my notes on quadratic forms.) Tt
follows therefore that

ox;
<0 2=1,...,n.
D, ) n

v. 2008.11.25.10.22


http://www.hss.caltech.edu/~kcb/Notes/QuadraticForms.pdf

KC Border Cost minimization 5

3 What the support function approach left out

Note that this approach provides us with conditions under which the cost function is twice
continuously differentiable. It follows from (8) that if the bordered Hessian is invertible,
the Implicit Function Theorem tells us that Z and A are C* functions of w and y (since
fis C?). On the other hand, if # and A are C! functions of w and y, then (8) implies
that the bordered Hessian is invertible. In either case, the marginal cost g—; = 5\, is a
C! function of w and 3, so the cost function is C?, which is hard to establish by other
means.

4 Reciprocity results

Returning now to (8), note that since the Hessian is a symmetric matrix, we have a
number of reciprocity results. Namely:

or; 01 1=1,...,n,

0wj_8wi jzl,...,n,

and

~

8[2‘, 8)\ 820

dy  Ow; - Ow; 0y

5 The marginal cost function

Define the cost function ¢ by

c(w,y) = Zwkiﬁk@% y)-
k=1

Then
8c(w, y) _ - 8:%16 (U), y)
oy ; Wk oy
and
820(w7 y) _ - 8252};(111, y)
—8y2 = ; Wk —83/2 . (9)

From (1), we have wy = Afi(), so

ac(wa y) . 8j\jk(way)

3y = A fil#) = A (10)

where the second equality is just (7). That is, the Lagrange multiplier \ is the marginal
cost.
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Now let’s see whether the marginal cost is increasing or decreasing as a function of
y. Differentiating (7) with respect to y yields

0 ; . 8331 0%,
H(sg o)

j=1

or rearranging,
n

ij ‘f: a
1 9%

From (9) and (1) we have that the left-hand side of (11) is =

A0y
right-hand side?
Fix w and consider the curve y — Z(y). This is called an expansion path. It traces
out the optimal input combination as a function of the level of output. The tangent line
to this curve at 7 is just { + av : a € R}, where

z A@x,@x]
——E E 11
Yy 1131fuxayay )

What is the

0Z;
oy’

V; =

Write the output along this tangent line, f (Z + aw), as a function f of a. That is,
f(a) = f(z + av). By the chain rule,

= Z f](i' + OCU)UJ',
j=1

and
n n

= Z Z fw(i’ + OéU)Uﬂ)j,
i=1 j=1
SO ]

" if 8:526?:1:]
Z]
=1 j=1 ay ay

Thus (11) can be written as

oy

In other words (11) asserts that the slope of the marginal cost curve is increasing (that
is, the cost function is a locally convex function of y) when the production function is
locally concave on the line tangent to the expansion path, and vice-versa.
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6 Average cost and elasticity of scale

Recall that a production function f exhibits constant returns to scale if f(ax) =
af(z) for all @ > 0. It exhibits increasing returns to scale if f(az) > af(x) for a > 1,
and decreasing returns to scale if f(ar) < af(z) for a > 1. If f is homogeneous
of degree k, that is, if

flax) = o f(2),
then the returns to scale are decreasing, constant, or increasing, as k < 1, k = 1, or
k > 1. Define

h(a, ) = f(ax).

The elasticity of scale e(z) of the production function at x is defined to be

1
Dih(1,2)—— = f'(z) - x/f(x),
where D, denotes the partial derivative with respect to the first argument «, and which
Varian [2] writes as

df (ax) «

do f(z)| -y

If f is homogeneous of degree k, then e(x) = k, as

Dih(a, z) = ka* 1 f(2).

Even if f is not homogeneous, following Varian, we can express the elasticity of scale in
terms of the marginal and average cost functions, at least for points x that minimize cost
uniquely for some (y,w):

e(i(y,w)) = f'(&)-&/f(%)
= f'(z)- &y as y = f(2(y,w))

= % Ty by the first order condition w = \f’(z)
c(y, w)/y A :
== as c(y,w) =w - x(y,w), and by (10) A = D,c(y, w
Ll (v w) = w- &(y,w) (10) A = Dyely, w)
= AC(y)/ MC(y).

Holding w fixed, and writing the cost simply as a function of ,

d dcly) _dyy—cly) _1 ( : C(y)) 1

Tact) = 24 = (¢ =28 =~ i) - ACw))
Thus

AC'(y) >0 <= MC(y) > AC(y) < e(z) < 1.
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