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If £ and F are subsets of R™, define the sum
E+F={x+y:z€F; ycF}.
More generally the sum Ey + --- + E,, is the set of vectors of the form 2! + - -- 4+ 2™, where each
' e E;.
The next result may be found for instance in [3]. It relies on the simple fact that

p.(xl_l’_..._i'_l'n):p.x1+...+p.$n.

1 Lemma Let Ey,...,E, besetsin R™, and put E = E1+---+E,. Letz* € E;,i=1,...,n,
and x = ' 4+ --- 4+ 2". Then

r maximizes p over E <= (2" maximizes p over E; for eachi=1,...,n)
Proof: (=) Suppose by way of contradiction that for some j, z € E; and p- 2z > p-z7. Then
=at+ 4 249 4. 42" € E and p- 2’ > p -z, a contradiction.
(<) Let z € E. Then z = z! + .- + 2", where each 2* € F;. By hypothesis, p- 2* < p-2°
for each i, so summing we have p- 2z = p- (' +---+2") <p-(a' +...+2") =p -, s0 x
maximizes p over F. |

1 Is a sum of closed sets closed?

An important question is whether the sum of closed sets is itself closed. The next example shows
that it is not automatic.

2 Example The sum F + F may fail to be closed even if E and F are closed. For instance, set
E={(r,y) e R*:y>1/zandz >0} and F={(z,y) € R*:y>—1/zand z <0}
Then F and F are closed, but
E+F ={(z,y) € R’ :y >0}
is not closed. (]

To state sufficient conditions for the sum of closed sets to be closed we must make a fairly
long digression.

*These notes are largely based on [1].
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2 Asymptotic cones

A cone is a nonempty subset of R™ closed under multiplication by nonnegative scalars. That
is, C is a cone if whenever z € C and A € R, then Ax € C. A cone is nontrivial if it contains
a point other than zero.

3 Definition Let E C R™. The asymptotic cone of E, denoted AF is the set of all possible
limits z of sequences of the form {\,x™}, where each ™ € E, each A\,, > 0, and \,, — 0. Let us
call such a sequence a defining sequence for z.

This definition is equivalent to that in Debreu [2], and generalizes the notion of the recession
cone of a convex set. This form of the definition was chosen because it makes most properties
of asymptotic cones trivial consequences of the definition.

The recession cone 07 F of a closed convex set F is the set of all directions in which F is
unbounded, that is, 0T F = {z : Vo € F Va > 0 2 +az € F}. (See Rockafellar [4, Theorem 8.2].)

4 Lemma (a) AF is indeed a cone.
(b) If EC F, then AE C AF.

(c) A(E+x)= AFE for any x € R™.
(cc) 0TE C AE.

(d) AE, C A(Ey + Es).

(€) Allics Ei C [lie; AE:

(f) AE is closed.

(g) If E is convex, then AFE is convex.

(h) IfE is closed and convex, then AE = 0T E. (The asymptotic cone really is a generalization
of the recession cone.)

(i) If C is a cone, then AC = clC.

(4) ANicr Bi € N;er AE;. The reverse inclusion need not hold.
(k) If E+ F is convex, then AE+ AF C A(E+ F).

(1) A set E C R™ is bounded if and only if AE = {0}.

Proof: Here are proofs of selected parts. The others are easy, and should be treated as an
exercise.

(cc) OYE C AE.
Let z € 0YE. Then for any n > 0 and any € E, we have z+nz € E. But %(x—}-nz) — z,
so z € AE.

(d) AE, C A(E1 + Eg)

For x5 € F5, by definition Ey + o C Ey + Ea, so by (b), A(E; + x2) C A(F; + E3), so
by (C), AE1 C A(E1 + EQ)
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(f) AE is closed.

Let 2™ be a sequence in AE with ™ — x. For each m there is a sequence A, ,z™"™ with
limp, Ap ™™ = 2", Ay, — 0 as m — oo, ™" € E, and each A, ,, > 0. Then for
each k there is Ny such that for all n > N, |z™ — z| < 1/k, and M), such that for all
m = Mg, |An,ma™e™ — aNe| < 1/k, and Ly, such that for all m > Ly, ANe™ < 1/k.
Set P, = max{My, Ly}, y* = oVePx and A\, = AV»Pe. Then each A\, > 0, \x — 0 and
IMey® — 2| < 2/k, s0 x € AE.

(g) If E is convex, then AFE is convex.

Let x,y € AF and o € [0,1]. Since AFE is a cone, axr € AFE and (1 — a)y € AE.
Thus there are defining sequences A,z — ax and v,y" — (1 — a)y. Since E is convex,

2" = %i‘&n "™ + %Y‘S\n y™ € FE for each n. Set §, = v, + A, > 0. Then 4,, — 0 and

0n2™ = A" + Yy — ax + (1 — @)y. Thus az + (1 — a)y € AFE.

(h) If E is closed and convex, then AF =0T E.

In light of (cc), it suffices to prove that AE C 0V E, solet 2 € AE, x € E, and a > 0. We
wish to show that z+«az € E. By definition of AF there is a sequence A, 2" — z with z" €
E, X\, >0, and A, — 0. Then for n large enough 0 < ), < 1,s0 (1—al,)x+ar,z" € E
as E is convex. But (1 — a\,)x + aA,z"™ — x + az. Since E is closed, z + az € E.

(i) If C is a cone, then AC =clC.

It is easy to show that C' C AC, as %nx — x is a defining sequence. Since AC is closed
by (f), we have c1C C AC. On the other hand if A,, > 0 and z™ € C, then A\,z" € C, as
C'is a cone, so AC C clC.

(4) ANicr Bi € Ner AE;. The reverse inclusion need not hold.
By (b), AN;c; Ei C AE; for each j, s0 A(;c; Bi Ce; AE;.
For a failure of the reverse inclusion, consider the even nonnegative integers Ey = {0,2,4,...}
and the odd nonnegative integers E> = {1,3,5,...}. Then E1NEy = &, so A(F1NEy) = &,
but AEl = AE2 = AE1 N AE2 = R+.

(k) If E+ F is convex, then AE+ AF C A(E+ F).

Let z belong to AE+ AF'. Then there exist defining sequences {\,2"} C FE and {a,y"} C
F with \2™ 4+ apy™ — 2. Let 2’ € E and 3y’ € F. (If either E or F is empty, the result
is trivial.) Then {\,(z" +¢')} C E+ F and {a,(z' +y™)} C E+ F, so

An n 78 n
Ot (5306 + )4 5 ) =

is a defining sequence for z in £ + F.

(1) A set E C R™ is bounded if and only if AE = {0}.

If E is bounded, clearly AE = {0}. If E is not bounded, let {z"} be an unbounded
sequence in E. Then \,, = ||~} — 0 and {\,2"} is a sequence on the unit sphere, which
is compact. Thus there is a subsequence converging to some z in the unit sphere. Such
an zx is a nonzero member of AF. .

5 Example The asymptotic cone of a non-convex set need not be convex. Let E = {(z,y) €
R*:.y= %, x > 0}. This hyperbola is not convex and its asymptotic cone is the union of the
nonnegative - and y-axes. But the asymptotic cone of a non-convex set may be convex. Just
think of the integers in R'. O
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6 Example In general, it need not be that A(E+ F) C AE+ AF, even if F and F are closed
and convex. For instance, let F be the set of points lying above a standard parabola:

E={(z,y):y>2"}.

The asymptotic cone of E, which is the same as its recession cone, is just the y-axis above zero:
AE = {(0,y) : y > 0}.

Now observe that E + (—E) = R?, so A(E+(-E)) = R?. Thus

AE+ A(—E) C A(E+ (—E)).

3 When a sum of closed sets is closed

7 Theorem (Closure of the sum of sets) Let E, F C R™ be closed and nonempty. Sup-
pose that x € AE, y € AF and x+y = 0 together imply that xt =y = 0. Then E+ F is closed,
and A(E+ F) C AE+ AF.

Proof: Both parts of the theorem follow from the following claim:

If {\.} is a bounded sequence of real numbers with each A, > 0, {z"} is a
sequence in F, and {y"} is a sequence in F, and if A, (2" + y™) converges to some
point, then there is a common subsequence along which both {\;z*} and {\yy*}
converge.

Given this claim, I now show that E + F is closed: Let 2™ + y™ — z with {z"} C E,
{y"} C F. By the claim above (with A, = 1 for all n) there is a common subsequence with
z* — 2 and y* — y. Since E and F are closed, x € E and y € F. Therefore z =2 +y € E+ F,
so E + F'is closed.

To see that A(E + F) C AE+ AF, let z € A(E + F). That is, z is the limit of a defining
sequence {A,(z" 4+ y™)}, where 2" € E and y™ € F. Since A\, — 0, it is a bounded sequence.
Thus by the claim there is a common convergent subsequence, and by definition limy \pa2* € AE
and limy \py* € AF,so z € AE + AF.

We now turn to the proof of the claim. Let {\,} be a bounded sequence of strictly positive
real numbers, {z"} a sequence in E, and {y™} a sequence in F', and assume lim,, A, (2" +y") = z.

First observe that if say A\yz® — x, then A\py* — 2z — 2. So suppose by way of contradiction
that neither {\,z"} nor {\,y"™} has a convergent subsequence. Since every bounded sequence
in R™ has a convergent subsequence, we must have |\,2"| — oo and |A,y"| — oco. In particular,
since {\,} is bounded, |2"| — oo and |y™| — oo. Given this, for n large enough, |z"| and |y"|

. . . k
are nonzero. Since the unit sphere is compact, along some common subsequence, \:TI — x and

% — y. Obviously |z| = |y| = 1, but since ﬁ — 0, the limit point x belongs to AF, and
likewise y € AF.

Under the hypotheses of the theorem we cannot then have z +y = 0, since that would entail
x =y = 0, which is at odds with |z| = |y| = 1. Therefore  + y # 0. But since = and y are on
the unit sphere, this implies that 0 ¢ co {z,y}. (Geometrically this says that if a chord is not a
diameter, it does not pass through the center of the sphere. Algebraically, if 0 = az + (1 — a)y
with 0 < a < 1 and |z| = |y| = 1, then ax = —(1 — a)y, and taking norms on both sides gives

a=1l-a(=3),s0z+y=0)
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Therefore by the separating hyperplane theorem, we can separate 0 from co {z,y}. That
is, there is a p #% 0 and an € > 0 such that p-x > € and p-y > . Now for large enough n,
p~%>§andp-‘z—n‘>§. Thus

" €
Anp -z = A" |p - w > )\n|z”\§ - 00,

where the strict inequality uses A\, > 0. A similar result holds for {y™}. Thus A\,p-(z"+y") — oo,
but on the other hand A, p- (2™ +y™) — p- z < co. This contradiction establishes the claim. 0

8 Definition Let C4,...,C, be conesin R™. We say that they are positively semi-independent
if whenever x' € C; for eachi =1,...,n,

T4 Fr,=0 = z2'l=...=2"=0.
Clearly, any subset of a set of semi-independent cones is also semi-independent.

9 Corollary Let E; ¢ R™, i = 1,...,n, be closed and nonempty. If AE;, i = 1,...,n, are
positively semi-independent, then Y-, E; is closed, and A" | E; C Y." | AFE;.

Proof: This follows from Theorem 7 by induction on n. |

10 Corollary Let E,F C R™ be closed and let F' be compact. Then E + F is closed.

Proof: A compact set is bounded, so by Lemma 4(1) its asymptotic cone is {0}. Apply Theo-
rem 7. |

4 When is an intersection of closed sets bounded?

11 Proposition Let E; C R™, i = 1,...,n, be nonempty. If (\_, AE; = {0}, then N;_, E;
is bounded.

Proof: By Lemma 4(1), N, E; is bounded if and only if A (_, E;) = {0}. But by Lemma 4(j),
AN, E;) C (i, AE;, and the proposition follows. ]
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