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1 Introduction

The purpose of this paper is to shed light on a commonly used method of
aggregating the likelihood assessments of a collection of experts. Working
within a binary decision model, and a finite set of states of the world, a “social
planner” seeks to come up with some social assessment of the likelihoods of
events. The social assessment is based on the assessments of certain agents
(one may wish to interpret these agents as “experts”). The agents in society
do not attach probabilities to events, but can only rank them in an ordinal
sense. Nevertheless, we imagine that these ordinal rankings can be represented
by probability measures. Such an ordinal likelihood assessment is termed an
ordinal probability. Many probability measures may represent the same ordinal
probability.

To motivate, in a binary decision model, the only statements that have
empirical content are statements about the relative likelihood of certain events.
Such a model is not rich enough to deliver unique, well-defined probabilities (in
contrast to the models of Savage (1972) or Anscombe-Aumann (1963)).

Nevertheless, probabilistic likelihood assessments are common in the real-
world. In this environment, perhaps the most common method of coming
to a social assessment is the linear opinion pool (Genest and Zidek (1986),
Stone (1961)). The linear opinion pool ranks events according to some convex
combination of individual probability representations. A convex combination
of individual probability representations appears to be an entirely natural social
assessment.

However, the implications of taking such convex combinations are not at all
obvious. As we mentioned above, it is possible that many probability measures
may represent the same ordinal probability. Moreover; even if we know which
probability measures to use, there is a question of how heavily each individual’s
probability measure should be weighted. In this sense, there are at least two
degrees of freedom in the choice of such a social assessment.

We would like to understand exactly which social ordinal probabilities can
be arrived at by an aggregation procedure of the type described above. To
this end, our main result is an ordinal statement of the complete implications
of using a linear opinion pool as a social likelihood assessment. That is, we
provide a condition which is both necessary and sufficient for a social likelihood
to be written as a convex combination of individual probability representations.
Working in a traditional multi-profile social choice framework, Lainé, LeBreton,
and Trannoy (1986) and Weymark (1997) consider several normative conditions
that a “good” aggregation procedure should satisfy, none of which coincide with
the linear opinion pool (except for an extreme example in which all agents but
one are given zero weight).

To get some feeling for the condition characterizing such assessments, we
first consider a related condition of Kraft, Pratt, and Seidenberg (1959) (here-
after KPS) . They establish a necessary and sufficient condition for an ordinal
likelihood assessment to be representable by a probability measure in a finite-
states environment. Given that a convex combination of probability measures



is itself a probability measure, our condition must imply that the social likeli-
hood assessment should satisfy the KPS property. The KPS condition is best
viewed in the following way. Any probability measure can be used to perform
integration, and in this sense, extends to a unique linear functional. Hence,
the ordinal probability can also be extended to an ordinal relation on the class
of integrable functions. This ordinal relation has an integral representation—so
that it is linear. Conditions for representation by a linear functional are known.
In particular, such an extension must satisfy something analogous to the inde-
pendence axiom of decision theory. The KPS condition tells us exactly when
such an extension will not lead to contradictory rankings of functions.

Now, our condition builds off of the KPS condition in the following way.
Much is known about aggregation of ordinal rankings satisfying independence
axioms. A classical result due to Harsanyi (1955) tells us that if a group ranking
of such ordinal rankings satisfies a simple Pareto condition with respect to the
individual rankings, then it can be represented as some convex combination
of individual representations. The Pareto condition simply says that if all
individuals rank one alternative higher than another, then the social ranking
should be the same as the individual rankings. Our condition is best understood
as stating this Pareto condition on the collection of linear extensions of ordinal
probabilities. Of course, our condition implies that if all individuals rank an
event as more likely than another event, then so does society.

We use a version of the Theorem of the Alternative in order to establish
the condition. The role of this theorem in formal social choice models has
been known at least since Fishburn (1973, 1973). In fact, our condition can be
viewed as a type of combination of conditions first proposed by Fishburn and
KPS. That is, the KPS condition tells us when an ordinal probability can be
represented by a probability measure. Fishburn’s work addresses the question
as to when a social choice rule can be represented as the maximal elements of
some utilitarian social welfare function. We combine these two ideas: we require
our social welfare function to be utilitarian, but we require it to be utilitarian
with respect to probabilistic representations.

Suppose that instead of working in a finite-state model, we were to work in
a model in which individual likelihood assessments were representable as non-
atomic measures. In this environment, as long as the social assessment is also
representable by a non-atomic measure, the Pareto condition is necessary and
sufficient for it to be represented as a convex combination of individual measures
(see Mongin (1995)). This occurs because in this environment, each probability
measure is uniquely extended to the space of functions. Thus, at least in this
environment, there is a strong motivation for the linear opinion pool.

We recognize that allowing for any possible linear opinion pool admits a
very large number of possibilities. To this end, we also provide a necessary
and sufficient condition for a social likelihood assessment to be represented as
an unweighted average of individual probability representations. We know of
no analogous condition in the literature on nonatomic probability aggregation.
The interpretation of this condition is as of a Pareto condition “with transfers.”

Section 2 introduces the basic model and main result. Section 3 discusses



the stronger condition needed to characterize symmetric linear opinion pools.
Finally, section 4 concludes.

2 The model and basic result

Let Q be a finite set of states of the world. Let {1,....n} be a set of
agents. Each agent is endowed with a likelihood relation <; over 22~the set of
events. We assume that likelihoods are ordinal probabilities in the sense of
Kraft, Pratt, and Seidenberg (KPS) (so that there exists a probability measure
pi : 2 — R that represents <;).!

For a set of probability measures {p;}._,, say that a probability measure py
is a linear opinion pool with respect to {p;};_; if there exists some A € R’}
such that Y1 | A\; = 1, where

n
po=Y_ \ipi.
i=1

For a set of ordinal probabilities {=<;};_,, say that an ordinal probability <
is a linear opinion pool with respect to {=<;}._, if for all ¢ € {0, ...,n}, there
exists a probability measure p; that represents <; so that pg is a linear opinion
pool with respect to {p;};_,.

The linear opinion pool is the most common way of combining the prob-
abilities of different agents to produce a social probability. Here we ask the
following question: Given a collection of ordinal probabilities (but not specific
representations for them), what are the set of necessary and sufficient conditions
that an ordinal probability must satisfy in order to be a linear opinion pool with
respect to the given probabilities?

We provide a condition telling us exactly when a social likelihood relation
is a linear opinion pool with respect to individual ordinal probabilities. For
two finite sequences of elements of 2 of equal length, say, (Ai,..., Ax) and
(Bi1, ..., B), we write (as in Weymark (1997)) (4i,...,A4x) = (Bi,..., B) to
mean that for all w € Q, [{i:w € A;}| = |{i : w € B;}|. Thus, the number of
sets in which w is a member in each of the sequences is the same.

We can now formally state the definition of an ordinal probability. An
ordinal probability < on 2% is a likelihood relation satisfying the following
properties:

i) = is complete

i) Forall ACQ, A= @

i) Q=g

iv) For all finite sequences (A, ..., Ag),(B1, ..., Bg) of equal length for which
(A1,..., Ax) = (B1,...,Bg) and A; = B, for all j € {1,...,k}, it must be that
Aj ~ Bj for all j.

1 As usual, < denotes the asymmetric part of <, whereas ~ denotes the symmetric part.



It is of note that the axioms i) and 4v) imply transitivity.?

Clearly, a linear opinion pool satisfies completeness. What other conditions
are necessary? Obviously, some notion of dominance is necessary—i.e. if for all
i €{l,...,n}, A »=; B, then A =y B, with social likelihood strict if at least
one individual likelihood is strict. In the case in which social likelihoods are
nonatomic and countably additive, this dominance condition is both necessary
and sufficient (with the axioms of probability) to ensure that a social likelihood
is a linear opinion pool. Here, however, something stronger is needed.

We introduce the condition now and then discuss it. The condition is a
joint condition on <o and {=;}" ;.

The linear opinion condition (LOC) For all i € {0,...,n}, let k' € Z,,
and let ( t, ...,A};i), ( i ,B}C,) be two sequences such that for all ¢ €
{0,...,n} and for all j € {1,...,1&}, A; = B} Suppose that for all
i€ {1,..,n}, (A%,.. A%, AL, .. AL) = (BY, .. ,BY%, Bi, .. Bi). Then
for all ¢ € {0,...,n} and for all j € {1, ceny ki}, Aj» ~; B;

If for all i € {1,...,n}, k' = 0, then the LOC is the statement of the KPS
axiom iv) for <.

Before we proceed with the characterization, we first discuss the intuition
behind the LOC. Our claim is that it is essentially a Pareto criterion.

Recall the KPS property iv) for a given ordinal probability: it states that
for all (Ay,...,Ax), (B, ..., Bx) such that (Ay,...,Ax) = (B, ..., Bg), if for all
j € {1, ...,k}, Aj t Bj, then for all ] {1, ...,k’}, Aj ~ Bj.

Let us define a piece of notation. The indicator function of A C 2 is a
function 14 : Q — R defined by

[ lifwed
1A(“):{ Oifw¢ A

A necessary condition for an ordinal probability to be represented as a prob-
ability measure is that it is possible to define a binary relation <* on the set
of functions f : Q — Z such that 14 »* 1 if and only if A = B (we will call
=<* an extension of <) and which is “additive.” By additivity, we mean that
f=*g, f'=*¢ imply f —¢ =* g— f', with f — ¢’ =* g— f' if either f =* ¢
or f'=*¢'.3 Given a probability measure p representing =, it is easy to define
=<* as

) retge [ J@dwz [g@dw.

We now show how an additive extension of < can be derived from =<, without
reference to a particular probability measure representing <. Let F be the

2Suppose that A = B and B = C. By means of contradiction, suppose that it is not the
case that A = C. By i), C = A. Now, label (41, A2, A3) = (A, B,C) and (B1, B2, B3) =
(B,C, A) and note that (A1, A2, A3) = (B1, B2, B3). Moreover, A; > Bj for j =1,2,3, yet
A3z ~ Bg is false. This is a contradiction to iv).

3Note that this condition then implies that f 4+ f' >=* g+ ¢/, with strict ranking if either
individual ranking is strict.



class of Z-valued functions defined on 2. Let =<* be defined on F by f =* g if
and only if there exists (Ay,..., Ag), (B1,..., Bk), (C1,...,Cy/), (D1, ..., Dys) for
which f = Z?:l La; = Z;C/:l le;, 9 = Z?:l g, = Zk/:l lp,, and A; = B,
for all j € {1,...,k} and D; = C; for all j € {1,...,k'}, with f >* g if any
of the individual likelihood rankings is strict. Note that <* is typically in-
complete. If <* is well-defined, it satisfies the two conditions discussed in
the previous paragraph (it is an extension of =< and it is additive).  This
is exactly the purpose of the KPS condition: it simply guarantees that <*
is well-defined, so that if f >=* g, it is not the case that g >=* f. To see,
this suppose, by means of contradiction that the KPS condition is satisfied,
yet there exist f and ¢ for which f >* ¢g and ¢ >=* f. Then in particu-
lar, as f =* g, there exist (Al, ,Ak) R (Bl, ...,Bk) R (Cl, ey Ck/) R (D1, ey Dk/)
for which f = 2521 la, — Zflzl leg,, 9 = 2?21 lp, — Zflzl 1p,, and
A; = Bj for all j € {1,...,k} and D; = Cj for all j € {1,...,k'}. As
g >* f, there exist (4},...,4]),(By,....,B;),(C1,...,C},), (D4, ..., Dj,) for which
9=l = e, f =Y 1 — Y 1py, and 4 = B} for all
j €{l,...,l} and D} = C} for all j € {1,...,I'}, with some preference strict.
Clearly,

k K’ 1 v k K’ ! i
ZlAj +lej —&-ZlA; —&-le); Zlej +Zlcj +ZlB; +Zlc;-
j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1

But this is a contradiction to the LOC, as A; = B; for all j € {1,...,k},
Dj = Cj for all j € {1,...,k'}, A} = B} for all j € {1,...,1}, and D} = C’ for
all 7 € {1,...,I"}. Hence, if the LOC were satisfied, there would have to be
indifference among all the preceding relations. However, we know at least one
of them is strict. This is a contradiction.

Within this framework, it is easy to understand the LOC as a Pareto-like
condition on these incomplete binary relations. Recall the classical result of
Harsanyi (1995), and the later results obtained in a series of papers involving
Mongin (Mongin (1995), DeMeyer and Mongin (1995)). These results state
that if a social preference over some convex set is additive and if each indi-
vidual preference is additive, if the social preference satisfies a simple Pareto
monotonicity condition with respect to the individual preferences, social pref-
erence can be represented as some weighted sum of the individual preferences.
Our statement of the Pareto monotonicity condition will be on the extensions
=¥ of x; for i € {0,...,n}. It states that if f =F ¢ for all ¢ € {1,...,n}, then
g >4 f is impossible, with g >=§ f impossible if for some i € {1,...,n}, f =¥ g.
Thus, the Pareto condition we refer to merely states that a unanimous rank-
ing across all agents in society cannot be refuted by the social ranking (with a
statement holding as well for strict ranking). It is a natural generalization of
Harsanyi’s strong Pareto concept to potentially incomplete binary relations.

Our claim is that the LOC for the ordinal probabilities {=<;};"_, is equivalent
to Pareto monotonicity of the extensions {=<¥}"" ;. To see this, suppose that
{=r}7_, satisfies the Pareto monotonicity condition. We will show that {=<;}7_,



satisfies the LOC. Consider families of sequences as discussed in the LOC, such
that for all i € {1,...,n}, (AY,.. A% AL L AL = (BY, ..., B, B, ..., BL.)
and A;- =i Bj for all 1, j. Suppose, by means of contradiction, that there exists

some i € {0,...,n} for which for some j € {1,...,k"}, A% =; Bl

we can conclude that for all ¢ € {0,1,...,n}, Zf;l 1A;~_ =7 Zf;l 13;;, with strict
ranking for some i € {0,...,n}. By additivity of each <}, we conclude that
2521 Lai — 2521 lp: =7 0 for all i € {0,...,n}, with strict ranking for some
i €{0,..n}. But forall il € {1,..,n}, S0 1a = S0 1 = S0 140 —
25;1 133,_. Moreover, for all i € {1,...,n}, Zf;l Ly —Z?;l lpi = Zfil 1o —

0
Z?:l 1 A9 Consequently, by the Pareto monotonicity condition, it is not the
.0 0
case that 0 >§ 25:1 13? — Z?Zl IA?. By the hypothesis of the LOC, Ag =0
0 0
BY for all j € {1,..,k°}.  Thus, Z?:l lpo — Zle 140 =5 0. Therefore,
.0 0
Y Lo — PO Lyo ~5 0, which implies that AJ ~o BY for all j € {1,..., k°}.
Hence, in order for our supposition to hold, there must exist some ¢ € {1,...,n}
and some j € {1, e k:z} for which A;- — B; But then the Pareto monotonicity

0 .0
condition implies that it is not the case that 0 *=} 2?21 lgo — Z§:1 140, a
J J

In particular,

contradiction.

Conversely, suppose that the LOC is satisfied, let f, g € F, and suppose that
foralli € {1,...,n}, f =¥ g. Without loss of generality, we may suppose that for
all 7 € {1,...,n}, there exist (A?l,...,A};i)vand (Bi,...,B.) for which A% = B}
for all j € {1,..,k"} for which f = Y% 1,4 and g = Y5 15
by means of contradiction, tha?J g >4 f- Then tl})ere exist (A‘f, ...,Ago) and

. k k .
(BY, .., Bo) for which g = 77, 1o and f = > i1 lpo for which AY =0 BY
for all j € {1, ey ko}, with strict ranking for some j. But note that for all ¢ €
{1,..,n}, (AY, .. A%, AL L AL = (BY,...,Bl, Bi,..,Bi,). This directly
contradicts the LOC. The case of an individual with strict ranking follows
similarly.

We now give formal proofs that the LOC is both necessary and sufficient for
the linear opinion pool.

Suppose,

Proposition 1: If < is a linear opinion pool with respect to {=;}!_;, then it
satisfies the LOC.

Proof. For all i € {0,...,n}, let p; be a probability measure representing
=i, so that py = Z?:l Aip; for some collection of positive weights A;. Let
(A%, AL), (Bi,..,BL) be two sequences satisfying the hypotheses of the
LOC. In particular, as

(AY, ..., AN, AL, ., AY) = (BY, ..., B, BY, ..., Bj:) ,



we conclude that for all ¢ € {1,...,n},

° k k° K
Yolao+ > lai= lpgo+y lpi.
j=1 j=1 j=1 j=1

We may rewrite the preceding so that

3 (- 107) = 35 1 1)
For all i,
K° k'
/ 2= (g ) =12 ) ) - / >~ (15 () = g () i .
Rewrite this expression as
k° k?
E_:l (pi (A7) —pi (B))) = E_:l (pi (B}) = pi (45)) -

But, recall that Aj» =i B;: for all 7; hence,

k?i

> (pi(B)) =i (A7) <0

j=1
(with strict inequality if any individual likelihood is strict). Consequently,

k[)

> (pi (A9) —pi (BY)) <0

j=1
(again with strict inequality if any individual likelihood is strict). Hence,

n E°

DoAY (i (49) ~pi (B)) <0

Jj=1

(with strict inequality if any individual likelihood is strict as A; > 0 for all
i€{l,...,n}), so

i (Xn: Aipi (AF) — zn:)\z’pi (B;))> <0.

j=1 \i=1

Recall that pg = Z:-L:l Aip; represents social likelihood, so that the preceding

1S
k0

> (po (A9) —po (BY)) <.

j=1



But A(])» >0 BJO- for all j. Therefore

kO

> (po (A7) = o (B])) > 0,

j=1
with strict inequality if social likelihood is strict. Consequently,

kO

> (po (A7) = o (B])) =0,

J=1

so that neither social nor individual likelihood can be strict. Hence, for all
i €40,...,n}, forall j e {1,...,k7}, Al ~; Bi. B
The main purpose of this paper is that the converse is also true.

Proposition 2: Suppose that the ordinal probability < satisfies the LOC with
respect to the ordinal probabilities {<;};_;. Then < is a linear opinion
pool with respect to {<;}1_ ;.1

Proof. For this direction, we employ the theorem of the alternative, as
found in Fishburn (1973), Theorem 3.3 (see also Aumann (1964)). To this end,
note that =< is a linear opinion pool with respect to the ordinal probabilities
{=;}"_, if and only if for all i € {1,...,n}, and for all A € 29\@, there exists a
number p; (A) such that

1. A=gB= 3", pi(A) >3, pi(B)
2. Ao B= 3" pi(A) =32, pi (B)
3. forallie{l,...n}, A=; B= p;(A) > p; (B)
4. foralli e {1,...,n}, A~; B= p; (A) = p; (B)
5

. for all i € {1,..,n} and for all A,B € 2\@ for which AN B = &
pi (AU B) =p; (A) +p; (B).

)

Note that if there exists such {p; (A)};c,, ac20\z, then in fact for all i €

{1,...,n} and for all w*, p; ({w*}) > 0. This follows as each =<; is an ordinal
probability, and hence  =; Q\ {w*}, from which we conclude that

Sz Y nw),

weN we\{w*}

4Technically, if <¢ is an arbitrary binary relation on 2% satisfying the LOC with respect to
the ordinal probabilities {=;};", it is easy to show directly that if it is complete, it is itself
an ordinal probability. So there is no need to assume that =g is itself an ordinal probability
(moreover, the proof searches for a specific representation of <p; if it has a representation
of this type, then it is representable by a probability measure and is also clearly an ordinal
probability).



or p; ({w*}) > 0. This in turn implies that p; (A) > 0 for all 4, A. Lastly, it
can be similarly shown that p; () > 0 for all Q. Therefore, the existence of
such p; functions indeed implies that < is a linear opinion pool with respect to
{=i}i—,. Note that the terms p; (A) do not necessarily represent probabilities;
rather they represent probabilities weighted by A; as in the representation.

Moreover, note that there exist constraints of type 1 and 3 since =<y and
{=:}, are all ordinal probabilities.

We will formulate the existence of such a p as an integer linear programming
problem. We adopt the convention that a row vector multiplied by a column
vector of the same dimension results in a real number. We construct a matrix
X which has n (‘2Q\®|) columns and which has as many rows as there are
constraints in 1 — 5. Formally, if there are two symmetric constraints in 1 — 5,
they will be treated as distinct (for example, A ~; B is treated as distinct from
B ~; A). Each row of X will correspond to a constraint of type 1 —5. Columns
will be indexed by (i, A), where i € {1,...,n} and A € 2\ @.

For a row vector of dimension n (|29\®|), the vector 1(; 4) indicates a vector
which places a 1 in the (i, A) column, and a zero everywhere else.

We will construct the rows corresponding to constraints of all types, 1-5.
For rows corresponding to constraints of type A ¢ B, label this row as X4, 5.

Then . .
XAsoB = Z Ta,a) — Z 1i,B)-
=1 =1

For rows corresponding to constraints of type 2, label the row as X 4~.,5. Then

n n
Xamos =D laa = 1)
i=1 i=1
For rows corresponding to constraints of type 3, label the row as X 4., 5. Then
Xa-.B = 14,4) — 1,B)-
For rows corresponding to constraints of type 4, label the row as X 4~,5. Then
Xa~;B =13,4) — 14,B)-
For rows corresponding to constraints of type 5, label the row as X(; 4, py. Then
X(i,4,8) = La,auB) — Li,4) = Li,B)-

The existence of a p satisfying the inequalities 1 — 5 is therefore equivalent to
Q
the existence of a column vector p € R™(12°\?]) for which

1°. XA>OBp >0
2°. XANOBp =0

3,. XA>7,Bp > O

10



We will refer to rows of X by a subscript and columns of X by a superscript.
Note that X is a matrix of zeroes and ones (integers). It follows by the theorem
of the alternative that if such a p does not exist, then there exists a column vector
of integers z whose dimension is the number of constraints for which

2TX =0.

Here, 0 is a row vector of dimension equal to the number of columns of X. Thus,
corresponding to each constraint of type 1 —5 is an integer. The theorem of the
alternative further implies that for at least one strict inequality constraint, the
corresponding value of z is strictly positive. All elements of z corresponding to
strict inequality constraints must have nonnegative z component; and all other
constraints (equality constraints) may have an arbitrary integer component.
We may, of course, without loss of generality assume that all constraints of type
1—4 have a z value which is nonnegative, as za~,5Xa~,8 = (—24~,B) XB~, A

Let ¢ € {0,1,...,n} be arbitrary. Let k' = Z{(A,B):ANB} ZAw.B +
2 {(A,B):A~:B} “A~;B-  First, define the sequences (4,...,A)(B, ..., B) (each
A, B replicated za.,p times or z4.,p times), and then define the sequences
(A%,...,AL),(Bi,....Bj:) by concatenating the previous sequences. There-
fore, for all j € {1,..,k'}, A} =; Bi. Furthermore, as some component
of z corresponding to a strict inequality is positive, it follows that for some
i € {0,...,n}, some element of the sequence (Ai,...,AZ,.) , (B{, ,B}g,) corre-
sponds to A} »; Bj.

We will now establish that for all i € {1,...,n}, (A, ..., A%, AL, .., AL,) =
(BY,....BY, Bi,...,Bj:). This will contradict the LOC as for all i € {0, ...,n},
A’ =; Bi, yet it is not the case that for all i € {0,....,n}, A} ~; B.

So, let i € {1,...,n} be arbitrary. For arbitrary A € 2%\ @, 2T X®4) = 0.

Fix w € Q. Thus
Z A x @A) =,
{A:weA}

Writing out this expression formally, we obtain

Z ZA-oB T Z ZA~oB T Z ZA-;B

{(A,B):A=oB,we A} {(A,B):A~oB,we A} {(A,B): A=, B,we A}

+ g ZA~;B — E ZA=oB — E ZA~oB

{(A,B):A~;B,weA} {(A,B):A>oB,weB} {(A,B):A~yB,weB}
- z ZA=;B — Z ZA~;B
{(A,B):A>; B,weB} {(A,B):A~; B,weB}

= Z Z(i,A,B) + Z Z(i,A,B) — Z

{(A,B):ANB=0 weA} {(A,B):ANB=0 weB} {(A,B):ANB=p we AUB}

11

Z(i,A,B)-



Note that the right hand side of this equality is equal to zero (as for a fixed
(A, B) for which AN B = 9),

]-wGA + 1w€B = 1w€AUB»

so that
2(i,4,B) lwea + 2(3,4,B)lwe B = 2(4,4,B) lwucAUB;
and summing over all (A, B) for which AN B = @, we obtain
> Z(i,A,8) T > 2(i,A,B) = > 2(i,A,B)-
{(A,B):ANB=g ,weA} {(A,B):ANB=g ,weB} {(A,B):ANB=g ,we AUB}

We conclude that

E ZAsoB T E ZA~oB

{(A,B):A=oB,w€eA} {(A,B):A~oB,wEA}
+ Z ZA-;B + Z ZA~;B
{(A,B):A>; BweA} {(A,B):A~; B,wcA}
= Z ZA»oB + Z ZA~oB
{(A,B):A>(B,weB} {(A,B):A~oB,wEB}
+ Z ZA-;B T Z ZA~;B-
{(A,B):A>; B,weB} {(A,B):A~; B,wEB}

The left hand side of this equality is the number of times that w appears in
(A(l), - Agm LI A}g,;), whereas the right hand side is the number of times it
appears in (B(l), e Bgo, LI B,ZC) Hence, as w was arbitrary,

(A, A% AL ALY = (BY,.... B, Bi,..., BL).

3 Symmetric linear opinion pools

The preceding section gave necessary and sufficient conditions for a group likeli-
hood assessment to be written as some convex combination of individual prob-
ability assessments. This would allow the weights to vary; perhaps giving more
weight to experts whose opinion we valued more highly. But there was no a
priori constraint required of the weights, except that they be positive and sum
to one.

Perhaps the most commonly used linear opinion pool is the one in which
each expert’s probability assessment is weighted equally. Motivating this on
representational form, we would claim that there is no reason to favor one
expert over another, so that their opinions should be treated equally. Now,
the question comes about as to what are the complete set of ordinal conditions
implied by the use of such belief aggregation methods. If a belief aggregation
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method is to be a symmetric linear opinion pool, it must of course be a linear
opinion pool. Therefore, the conditions we derive here imply the LOC, but are
stronger.

Formally, for a set of probability measures {p;};_,, say that a probability
measure pg is a symmetric linear opinion pool with respect to {pi}?zl if

"1
Po = Z Epi'
=1

For a set of ordinal probabilities {5i}?:1, say that an ordinal probability
<o is a symmetric linear opinion pool with respect to {=;}!_, if for all
i € {0,...,n}, there exists a probability measure p; that represents <; so that
po is a symmetric linear opinion pool with respect to {p;}._;.

To this end, we introduce a new piece of notation. For two sequences
(A1, ..., Ap), (B, ..., By) of elements of 2, and for all m € 7Z, we write
(A1,..., Ax) =m (Bi,...,Bg) to mean that for all w € Q, {i:we A4} =
{i:w e B;}|+m. If m <0, this means that for each w € 2, there are m more
sets in the B sequence to which w belongs than in the A sequence. If m > 0, this
means that for each w € €2, there are m more sets in the A sequence to which w
belongs than in the B sequence. It is obvious that (44, ..., Ag) = (B, ..., Bg)
if (Al, ...,Ak) =0 (Bl, cery Bk)

Now we are ready to define the stronger condition (implying the LOC) which
is both necessary and sufficient for a group probability assessment to be repre-
sented as a symmetric linear opinion pool.

The strong linear opinion condition (SLOC) For all ¢ € {0,....,n}, let
k' € Zy and for all i € {1,...,n}, let m* € Z such that >, m’ = 0,
and let (A%, ...,AL), (Bi,..,Bi.,) be two sequences such that for all
i € {1,...,n} and for all j € {O,...,k‘i}, A; = B]L Suppose that for
all i € {1,...,n}, (AY,..., A%, AL, AL) = (BY,.... B, Bi,...,BL).
Then for all ¢ € {0,...,n} and for all j € {1, k’}, A; ~; B;

The SLOC is both necessary and sufficient for < to be a symmetric linear
opinion pool with respect to {=;}_;.

In terms of the additive extensions {=<}}!" , of the ordinal probabilities dis-
cussed in the previous section, the strong linear opinion pool requires that if
m' € Z for all i € {1,...,n} and Y., m’ = 0, then if f =¥ g+ m'lq for all
i{1,...,n}, then g =% f is false (with weak social ranking ruled out if some indi-
vidual ranking is strict). This is again a type of Pareto monotonicity condition,
but it is of a very strong type. One might think of it as a “Pareto monotonicity
with state-independent transfers” property. The function g cannot strictly beat
f if there is a way for the individuals in society to “trade” state-independent
units amongst themselves which result in f being ranked at least as high as g
by all individuals. It is therefore reasonable to expect, as it is reminiscent of a
transferable utility model, that the “utilitarian” weights for each agent can be
chosen to be identical.
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Proposition 3: If <y is a symmetric linear opinion pool with respect to
{=:}i—,, then it satisfies the SLOC.

Proof. Foralli € {0,...,n}, let p; be a probability measure representing =<;,
so that po = > ;1 +p;. For alli € {0,...,n}, let (A3,..., Al,) and (Bi,..., BL)
be such that for all i,7, A} =; Bj. For all i € {1,...,n}, let m' € Z be such
that .7, m’ = 0, and suppose that for all ¢ € {1,...,n},

(A(i], .o AkO’A§7 7A7i€1) :ml (B(lJ, "'aBgU7Bia ,B]ZC,) .
By definition, we conclude that for all 7 € {1,...,n},

k° E? k° k? '
ZlA‘]? + ZlA; = ZlBg +Zlg; +m'lg.
j=1 j=1 j=1 j=1

We may rewrite the preceding so that

.0 7
3 (1,49 - 139) = (13@ _ 1,411) +milg.
J:1 J J ‘721 J J
In particular,
kJO
|3 (1 @) = 1y @) () = | Z Ly (@)~ Lus () dps (@)+m'p; (©).
j=1
Rewrite this expression as
> (i (A7) =i (BY) = D (0 (B)) = pi (A7) +m'.
j=1 j=1

But, recall that A; =i B;: for all 7; hence,

ki

Z (pi (BY) — pi (A2)) +m' <m'.

j=1
(with strict inequality if any individual likelihood is strict). Consequently,

kO

> (pi (A)) = pi (B))) <m’

j=1
(again with strict inequality if any individual likelihood is strict). Hence,
n

2.2 (ni (A7) —pi (BY) Zm

i=1 j=1
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(with strict inequality if any individual likelihood is strict), so

5 (St - o) < o

j=1 \i=1

Recall that Y i, m! = 0, so that the preceding is just

> (Zn:pi (47) - ipi (B?)> <0

j=1 \i=1
Dividing each side by n, we obtain

n

K° 1 n 1
> (L hn () -3 tn o) <o
j=1 \i=1 i=1

Recall that py = Z?:l %pi, so that the preceding is

kO

> (po (45) =m0 (B])) <0.

J=1

The preceding inequality is strict if any individual likelihood ranking is strict.
The measure py represents social likelihood, and A9 =o B for all j. There-

fore
kO

> (po (49) =m0 (B))) 2 0,
j=1
with strict inequality if social likelihood is strict. Consequently,

kO

> (po (A7) = o (B])) =0,

Jj=1

so that neither social nor individual likelihood can be strict. Hence, for all
i €{0,...,n}, forall j € {1, ...,kj}, A; ~; B; |

The next proposition shows that the SLOC is also sufficient for a symmetric
linear opinion pool.

Proposition 4: Suppose that the ordinal probability <y satisfies the SLOC
with respect to the ordinal probabilities {<;}_,. Then = is a symmetric
linear opinion pool with respect to {<;}._;.

Proof. The proof of this result mimics that of Proposition 2. The only
difference is that we add an additional linear constraint. To this end, note that
< is a linear opinion pool with respect to the ordinal probabilities {<;};_; if
and only if for all i € {1,...,n}, and for all A € 22\@, there exists a number
p; (A) such that Constraints 1 — 5 as used in the proof of Proposition 2 are
satisfied, as well as the additional constraint
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6. for all i,5 € {1,...,n}, p; () = p; (Q).

We will formulate this problem identically to the matrix formulation con-
structed in the proof of Proposition 2, with the addition of new rows for con-
straints of type 6. All rows of X corresponding to constraints of type 1 — 5 are
the same as in Proposition 2 and are labelled the same.

For rows corresponding to constraints of type 6, label the row as X(; ;.
Then

X =1lao) —1lgo)-
The existence of a p satisfying the inequalities 1 — 6 is therefore equivalent to
the existence of a column vector p € R™(12\2) for which all of the constraints
from Proposition 2 are satisfied (1’ — §), in addition to

6°. X(Z,j)p =0.

It follows by the theorem of the alternative that if such a p does not exist,
then there exists a column vector of integers z whose dimension is the number
of constraints for which

2T'X =0.

Thus, corresponding to each constraint of type 1 — 6 is an integer. The the-
orem of the alternative further implies that for at least one strict inequality
constraint, the corresponding value of z is strictly positive. All elements of
z corresponding to strict inequality constraints must have nonnegative z com-
ponent; and all other constraints (equality constraints) may have an arbitrary
integer component. We may again without loss of generality assume that all
constraints of type 1 — 4 have a z value which is nonnegative.

The numbers k' for ¢ €  {0,1,..,n} and the sequences
( ‘ ,Az) , ( LI B,@) are defined exactly as in the proof of Proposi-
tion 2. As was the case there, for some i € {0,...,n}, some element of the
sequence (Ai,...,AL.), (Bi, o Bi.) corresponds to A} >-; Bi. 4
. Foralli € {1,...n}, let m' = 3., 2(ji) — 2_j4i 2(i.j)- Clearly, Yoo mt=

We will now establish that for all i € {1,...,n}, (A9, ..., A%, AL, ..., AL) =,
(B(l), e BgO,B{, ey B}C,) This will contradict the SLOC as for all i € {0, ...,n},
A} =; By, yet it is not the case that for all i € {0,....,n}, A} ~; Bj.

So, let i € {1,...,n} be arbitrary. For arbitrary A € 2%\ @, 2T X4 = 0.

Fix w € Q. Thus
Z 2T XA —

{A:weA}
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Writing out this expression formally, we obtain

E ZA»oB T E ZA~oB

{(A,B):A=oB,wcA} {(A,B):A~oBweA}
+ Z ZA-;B T Z ZA~;B
{(A,B):A>; B,wcA} {(A,B):A~; B,we A}
N o
{(A,B): Ao B,weB} {(A,B):A~oB,wEB}
{(A,B):A~,B,weB} {(A,B):A~; B,weB}
= b 2:.4.) > 2i.4.8)
{(A,B):ANB=2 wc A} {(A,B):ANB=2 weB}
- > 26,4,8) = D Ha) T D 2
{(A,B):ANB=2 ,we AUB} J#i J#i

As was noted in the end of Proposition 2, the first three terms of the right hand
side sum to zero. Hence, the right hand side of this equality is equal to m?.
But the left hand side of this equality is the difference between the number of
times that w appears in (A9, ..., A%, A, ..., Al,) with the number of times that
w appears in (B?, ...,Bgo, : ,B}cl) Hence,

0 0 i % . 0 0 % i
(Al,...,Ak,o, 13 eees ki) =mi (B17"'7Bk0’ 1""’Bki)'
|

4 Conclusion

We have characterized the complete ordinal implications of both the linear opin-
ion pool and the symmetric linear opinion pool in finite-state environments.
The complete ordinal implications of the linear opinion pool have already been
established in non-atomic environments, assuming that individual likelihood as-
sessments and society’s likelihood assessment can be represented by non-atomic
and countably additive probability measures (see Mongin (1995)). Ordinal
linear opinion pools are there characterized by a standard Pareto criterion on
the likelihood relations. The ordinal linear opinion pool in a finite-state world
is characterized by the LOC, which is equivalent to a Pareto-like condition on
particular additive “extensions” of the original likelihood relations. Moreover,
we have also provided a related ordinal characterization of the symmetric lin-
ear opinion pool. The additional requirement here is a much stronger Pareto
criterion on the additive “extensions” of the likelihood relations.

A related open question is the ordinal characterization of linear opinion
pools in general environments (where the event space is modelled as a Boolean
algebra). Conditions for representability of a likelihood relation by a probability
measure in this environment are known (see Chateauneuf (1985)). However,
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not surprisingly, the ordinal linear opinion pool seems much more difficult to
characterize in this general environment.
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