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Abstract

We investigate the existence of rules for the adjudication of conflicting claims satisfying ‘group
order preservation’: given two groups of claimants, suppose that the sum of the claims of the
members of the first group is greater than or equal to the sum of the claims of the members of the
second group. Then, similar inequalities should hold for the sums of the awards to the members of
the two groups, and for the sums of the losses incurred by the members of two groups. The
property is easily satisfied. We then combine it with two others. First is ‘claims continuity’: the
chosen awards vector should vary continuously with the claims vector. Second is ‘consistency’:
the awards vector chosen for each problem should be ‘in agreement’ with the awards vector
chosen for each problem derived from it by imagining some of the claimants receiving their
awards and leaving. We show that only the proportional rule satisfies all three requirements. This
characterization holds even if the number of potential claimants is as low as 3. We also offer a
version of the characterization for a variant of the model in which the set of claimants is modelled
as a continuum.
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1. Introduction

When a firm goes bankrupt, the problem arises of dividing its liquidation value among
its creditors. More generally, we consider the problem of dividing a good over which

*Corresponding author. Tel+1-716-275-2236; fax+ 1-716-256-2309.
E-mail address: wth2@troi.cc.rochester.edW. Thomson).

0165-4896/02/% — see front mattef] 2002 Elsevier Science B.V. All rights reserved.
PIl: S0165-4896(02)00038-0


mailto:wth2@troi.cc.rochester.edu

236 C.P. Chambers, W. Thomson / Mathematical Social Sciences 44 (2002) 235-252

agents have conflicting claims. Our objective is to contribute to the search for well-
behaved methods of solving such conflicts.

Such methods are called ‘division rules’ or simply ‘rules’. A basic requirement on
rules is that they should respect the ordering of claims: if the claim of one agent is
greater than or equal to the claim of another agent, his award should be greater than or
equal to this other agent’s award. A parallel inequality for losses also makes sense: the
loss incurred by the agent with the larger claim should be greater than or equal to that
incurred by the agent with the smaller claim. We propose here to generalize this idea of
‘order preservation’ to groups of claimants, and to study the implications of this more
demanding requirement: given any two groups, if the sum of the claims of the members
of the first group is greater than or equal to the sum of the claims of the members of the
second group, then a similar inequality should hold for the sums of the awards to the
members of the two groups; here too, we require a parallel inequality for the sums of the
losses incurred by the members of the two groups. We refer to this two-part property as
‘group order preservatio’. A special form of it, ‘equal treatment of equal groups’, is the
requirement that if the sums of the claims of the members of two groups are equal, the
sums of their awards should be equal.

Group order preservation is not very restrictive. For each problem, we identify a
non-empty polygonal area of awards vectors at which the property is satisfied. Although
it is not compatible with two properties that have been extensively discussed in the
literature, ‘invariance under claims truncation’ and ‘minimal rights first’, as we show
next by means of simple examples, it is compatible with an important requirement
designed to ensure the good behavior of rules in situations where the population of
claimants may change. This requirement, called ‘consistency’, is that the awards vector
chosen for each problem should be ‘in agreement’ with the awards vector chosen for
each problem obtained by imagining an arbitrary subgroup of claimants leaving with
their awards, and re-evaluating the situation from the viewpoint of the remaining
claimants. Consistency has played an important role recently in game theory and
resource allocation theory. We show that if imposed together with the very mild
requirement that the chosen awards vector should vary continuously with the claims
vector, ‘claims continuity’, then equal treatment of equal groups and consistency are
satisfied by only one rule, the proportional rule. We give a direct proof of this result, and
we also derive it from a characterization of the proportional rule based on equal
treatment of equal groups, claims continuity and ‘replication invariance’, the require-
ment that the awards vector chosen for a replicated problem should be the replica of the
awards vector chosen for the problem that is replicated (this result is proved
independently by Ching and Kakkar, 2000). This corollary is obtained by noting that
equal treatment of equals and consistency together imply replication invariance.

Two additional requirements of relevance here are ‘converse consistency’, the
requirement that if an awards vector for some problem is such that its restriction to each
two-claimant group would be chosen for the problem of dividing between them the sum
of their awards, then it should be chosen. The second one is ‘division invariance’, a

For a survey of the literature devoted to this subject, see Thomson (1995).
*This property is formulated by Thomson (1988a).
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converse of replication invariance. Characterizations of the proportional rule can be
obtained on the basis of these properties too, due to logical relations between them and
replication invariance. These relations hold because in our context, rules are single-
valued. We also show that claims continuity is redundant if group order preservation is
imposed instead of equal treatment of equal groups.

The results just described are proved in a model in which the population of potential
agents is unbounded above. Next, we turn our attention to situations where instead it is
finite. We show that in that case—in fact, this number may be as low as three—the
proportional rule is the only one to satisfy claims continuity, equal treatment of equal
groups, and consistency. To understand how these results are related, note that in the
three-claimant case, replication invariance has of course little force since the only
problems that can be replicated are trivial one-claimant problems; then, replication
invariance amounts to equal treatment of equals, a property that is satisfied by all
standard rules. If there are more than three claimants, replication invariance starts having
bite but the proof techniques for our characterizations involving this property requires
replications of arbitrary orders. The bound on the population of potential claimants that
we impose forces us to develop a different proof, which seems to have no parallel in the
existing literature on consistency.

We also offer a characterization of the proportional rule on the basis of equal
treatment of equal groups alone for a variant of the model in which the set of claimants
is modelled as a continuum.

In the concluding section, we relate our results to known characterizations of the
proportional rule.

2. Claims problems and rules to solve them

Since some of our requirements involve comparing the choices made for problems
involving different populations of claimants, we need to cast our analysis in a
sufficiently general framework for such comparisons to be possible. There i3 & $ét
whereN designates the natural numbers, of ‘potential’ claimants. This set couM be
itself or a finite subset dN. However, wheri is infinite, at any given time, only a finite
number of claimants are present. L¥étbe the class of finite and nonempty subsets. of
Given N € ¥, a claims problem with claimant setN is a pair ¢, E) €R" X R, such
that>, ¢, = E® Let " be the class of all problems. Alle is a function defined on the
union of all "'s, whereN ranges ovel\, which associates with eadh€ ./ and each
(c, E)€ €" a point of R" satisfying 0= x = ¢ and whose coordinates add upEoa
property to which we refer as efficiency. Such a point isaesards vector for (c, E). Let
X(c, E) be the set of awards vectors far, E). Let R be our generic notation for rules.

The most prominent rule in practice as well as in the theoretical literature is the
proportional rule, for which awards are proportional to claims. The idea of pro-
portionality as a principle of justice is prominent in Aristotle’s writings.

*By the notationR" we mean the Cartesian prodi®&t' in which each dimension is indexed by a member of
N. Vector inequalitiesx=y, x=y, andx>y.
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Proportional rule, P. For eachN € ¥, and eachd, E) € é", P(c, E) = Ac, wherea is
chosen so as to achieve efficiency.

Our starting point is the following property of rules: if the claim of one agent is
greater than or equal to that of another agent, his award should be greater than or equal
to this other agent’s award. Also, the loss he incurs should be greater than or equal to
that other agent’s loss (Aumann and Maschler, 1985).

Order preservation. For eachN € ., each ¢, E) € ", and each paifi, j}CN, if
¢ =c, thenR(c, E)=R(c, E). Also, ¢, = R(c, E)=¢, —R(c, E).

Note thatorder preservation implies that if two agents have equal claims their awards
should be equal:

Equal treatment of equals. For eachN € ¥, each ¢, E) € €", and each paifi, j} C N,
if ¢, =¢;, thenR(c, E) =R(c, E).

We propose here to generalize the ideaoiafer preservation to groups of claimants,
by comparing the aggregate claims they hold. If the sum of the claims of the members of
one group is greater than or equal to the sum of the claims of the members of another
group, the sum of the awards to the members of the first group should be greater than or
equal to the sum of the awards to the members of the second group. We require a parallel
inequality between the sums of the losses incurred by the two gfoups:

Group order preservation. For eachN € ./, each ¢, E) € ", and each paifN’, N}
of subsets oN, if 2. ¢, =2, ¢, thenX, R(c, E)=2. R(c, E). Also, Z,(c; — R(c,
E)) =2Z\.(¢ —R(c E)).

By considering ‘groups’ containing only one claimant each, we see immediately that
group order preservation impliesorder preservation. Group order preservation amounts
to adding to theorder preservation inequalities a number of other inequalities pertaining
to groups. In the Euclidean space to which awards vectors belong, and for each problem,
the set of awards vectors meeting all the constraints is a polygonal region. To illustrate,
let N={1, 2, 3 and ¢, E)€ ¢" be such that, <c,=c, Then, when groups are
compared, the set of awards vectors satisfying all the inequalities is obtained from the
set of a\évards vectors satisfying the order preservation inequalities by adding two more
(Fig. 1):

“In many branches of game theory and the theory of resource allocation, properties defined for individuals
often have counterparts for groups. For instance, in the theory of fair allocation, to the property of ‘no-envy’

corresponds a property of ‘group no-envy' expressing the requirement that not only individuals but also
groups should be treated fairly.

®There are only two additional inequalities, since the comparison of agent 1's claim to the sum of agents 2 and
3's claims and that of agent 2's claim to the sum of agents 1 and 3's claims does not add any restriction not
already implied byequal treatment of equals.
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Fig. 1. Strengthening order preservation to group order preservation in the three-claimant case. In each panel,
claims are fixed and equal to (1, 2, 4) and the amount to divide is 5. The shaded area of panel (a) indicates the
set of awards vectors and that of panel (b) the set of efficient vectors meeting the order preservation
inequalities. The entire shaded area of panel (c) is the same as that of panel (b) and the darker region is its
subset of efficient vectors meeting the two additional inequalities coming droop order preservation (they

are printed in rectangles). The shaded area of panel (d) is the set of awards vectors meefingptioeder

preservation inequalities (here, only the binding constraints are labelled).

(i) If ¢, +c,=c, thenx; +x,=xandc,—x,+C,— X =C s+ X
(i) If ¢, +c,=c, thenx; +x,=xzandc,—x,;+C,~ X =C s+ X 4

This set is hon-empty as it contains the proportional awards vector, as is easily verified.
Constructing rules satisfyingroup order preservation is then easy because for each
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problem, one can select from it in an arbitrary fashion. It is therefore puzzling that
although all of the rules that have been discussed in the literpteserve order, only
one satisfiegroup order preservation, the proportional rule. Our characterizations will
help us understand why.

It is even easier to construct rules satisfying the group counterpaduaf treatment
of equals: two groups whose aggregate claims are equal should receive equal aggregate
awards:

Equal treatment of equal groups. For eachN € ., each ¢, E) € ¢", and each pair
{N’, N"} of subsets of, if =, c. =X,.c, thenE R(c, E) =2, R(c, E).

In the two-claimant casegroup order preservation is equivalent toorder preserva-
tion, and equal treatment of equal groups is equivalent toequal treatment of equals.

Our next property is the requirement that the names of claimants should be
immaterial.

Anonymity. For each paifN, N’} of elements ofV, each ¢, E) € ¢", each bijection:
N - N’, and each €N, R_\((C,i))iens E) =R(c, E).

Next we define two requirements that have played an important role in the literature
and enquire about their compatibility with our new properties. First is the requirement
that the chosen awards vector should be unaffected if each claim is truncated by the
amount to divide:

Invariance under claims truncation. For each ¢, E) € €", R(c, E) =R((c, E), E),
where for each €N, t(c, E) = min{c,, E}.

The following example shows tha&qual treatment of equal groups is incompatible
with invariance under claims truncation: Let={1, 2, 3 and €, E) € €" be defined by
(c, E)=(1, 1, 2; 1). If a ruleR satisfiesequal treatment of equal groups, thenx, + x, =
X;, wherex=R(c, E). If R also satisfiesnvariance under claims truncation, then
x=R(1, 1, 1;1). However, byqual treatment of equal groups (here,equal treatment of
equals would suffice),R;(1, 1, 1; 1)=R,(1, 1, 1; 1)=R4(1, 1, 1, 1).

Another interesting requirement is that the following two procedures should be
equivalent: either (i) the amount available is divided directly, or (ii) it is divided in two
rounds; first, each claimant is assigned misiimal right, defined to be the difference
between the amount available and the sum of the claims of the other agents (or O if this
difference is negative); then claims are adjusted down by these first-round awards and
whatever is left is divided by applying the rule. Let(c, E) = maxE — 2, ¢;, 0} and
m(c, E) =(m(c, E))ien-

Minimal rightsfirst. For each¢ E) € €", we haveR(c, E) = m(c, E) + R(c —m(c, E),
E-=m(c, E))°

°Note that the paird— m(c, E), E—=m; (c, E)) is a well-defined problem.
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This property too is incompatible witequal treatment of equal groups, as shown by
the following example: LeN={1, 2, 3 and €, E)€ ¢" be defined by q E)=
(1,1, 2;3). If a ruleR satisfiesequal treatment of equal groups, then x; + X, = X,
wherex=R(c, E). Note thatm(c, E) = (0, 0, 1). If R also satisfiesninimal rights first,
thenx=m(c, E) + R(1-0, 1-0, 2-1; 3-13 (0, 0, 1)+(3, 3, %), where the equality
R(1-0, 1-0, 2-1; 3-1¥(%, £, 2 is obtained byequal treatment of equal groups (here
too, equal treatment of equals would suffice).

In spite of the two incompatibilities just uncovered betwegnal treatment of equal
groups and our two invariance properties, this property and in fact, its stronger version,
group order preservation, are not very restrictive, as we noted above. The permissive-
ness of a property is in general a good thing because there are always more demands that
one would like to make on rules. We will take advantage of it to look for rules also
satisfying certain requirements having to do with possible changes in the population of
claimants. Our main one is that if some claimants leave with their awards and the
situation is re-evaluated from the viewpoint of those who remain, the rule should assign
to them the same awards as initidlly. The problem these claimants face riedtred
problem associated with the awards vector chosen for the initial problem and the
subgroup they constitute. Their claims are what they were initially and the amount to
divide between them is the difference between the amount available initially and the sum
of the awards to the claimants who left; alternatively it is the sum of the awards intended
for them, the claimants who stdy.

Consistency. For eachN € ¥, each ¢, E) € ", and eachN’ C N, if x=R(c, E), then
Xy = RCy s 2 %)-

Many rules areconsistent. The proportional rule is one of them, as is easy to check.

A variant of consistency that is often consideredbjlateral consistency, is obtained by
limiting attention to subgroups of two remaining claimants (that is, adding the
requirementN’| = 2 to the previous statement).

Our next requirement is that if an awards vector for some problem is such that its
restriction to each subgroup of two claimants is the awards vector chosen for the
associated reduced problem they face, then it should be chosen for the problem
involving the entire population of claimarifs.

"Without going into the details, we note that this conclusion can also be obtained from the previous
incompatibility betweenequal treatment of equal groups and invariance under claims invariance, by
observing thatminimal rights first and invariance under claims invariance are ‘dual’ properties, andqual
treatment of equal groups is a ‘self-dual’ property. For the concept of duality, see Aumann and Maschler
(1985), Herrero and Villar (1998a, 2001), and Thomson (1995).
®The many applications that have been made of the idea of consistency are surveyed by Thomson (2001).
°Note that since we require rules to be such that for éa&N, x, € [0, c¢], then the sum of the claims of the
remaining claimants is still greater than or equal to the amount that remains to divide, so thw, paig.(x;)
is indeed a well-defined problem.
**The version of the requirement obtained by writing the hypotheses for all proper subgroups of the initial set
of claimants, instead of only for the two-claimant subgroups, turns out to be equivalent to it.
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Converse consistency. For eachN € .4, each ¢, E) € ¢", and eachx € X(c, E), if [for
eachN’ C N with [N'| =2, x. = R(cy., =\ X) ], then x=R(c, E).

To define the next requirement, we first need to explain how to replicate a problem.
LetNE ./ and €, E) € €" be given. Lekk €N, . By ak-replica of (c, E) we mean a
problem in which each of the members Mfhask — 1 clones—these are agents whose
claims are equal to his—and in which the amount availabl& times what it was
initially. Formally, if N’ designates the set of claimants in the replicated problem, we
have N’ DN, [N’[=K|N|, and there is a partition oN’ into [N| groups ofk agents
indexed byi €N, (N'),cy, such that for each €N and eachj €N', ¢, =c,. The
requirement is that the awards vector chosen for a replicated problem should be the
replica of the awards vector chosen for the problem that is replicated.

Replicatign invariance. For eachN € ¥, each ¢, E) € €", eachN’ D N, and eachd,
ENeE €V, if(c',E')is ak-replica of €, E), with associated partitio\(), ., then for
eachi €N and eachj EN', R(c’, E') =R(c, E).

Given a problemd, E), we will use the shorthand notatid®x for ak-replica of some
awards vectox for (c, E).

Next is the converse afplication invariance. It says that if the awards vector chosen
for a replicated problem happens to be a replicated awards vector (of the same order),
then the awards vector that is being replicated should be the awards vector chosen for
the problem that is being replicated.

Division invariance. For eachN €./, each ¢, E) € €", eachN’ D N, and eachd,
E")e €V, if (¢, E') is ak-replica of €, E), with associated partitio\(),.,,, andR(c’,
E’) is a corresponding-replica of an awards vector foc,(E), then for eacti €N and
eachj eN', R(c’, E') =R(c, E).

Our final requirement is that for each amount to divide, the chosen awards vector
should be a continuous function of the claims vector. It is hard to imagine circumstances
in which this requirement would not be desirable, and in falitrules that have been
considered in the literature on claims resolution are not atdiyms continuous, but in
fact ‘fully’ continuous (that is, they respond in a continuous manner to simultaneous
changes in all components of the problem).

Claims continuity. For eachN € ., each sequendg¢c”, E")}_, of elements of¢", and
each ¢, E)€ €", if (c", E") - (c, E) and for eachv €N, E” =E, thenR(c", E") - R(c,
E).

The following relations between the various properties we just defined will be critical.

"t is the counterpart of a property introduced by Thomson (1988b) for the problem of fair division.
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The first lemma is a straightforward consequence of the definitions, but we give the
proof in Appendix A for completeness.

Lemma 1. (Elevator lemma)lf a bilaterally consistent rule coincides with a conversely
consistent rule in the two-person case, then coincidence occurs in general.

Lemma 2. (a) If a rule satisfies equal treatment of equals and consistency, it satisfies
division invariance.

(b) If a rule satisfies equal treatment of eguals and division invariance, it satisfies
replication invariance.

(c) If a rule satisfies anonymity and converse consistency, it is invariant under
replication of a two-claimant problem.

Proof. In the proof of each of the three assertions,Retesignate a rule satisfying the
hypotheses.

(@) LetNE W, (c, E) € €", andk € N. Let (c’, E’) be ak-replica of €, E) with agent
setN’. By equal treatment of equals, the clones of each member bf receive equal
awards aR(c’, E'), soR(c’, E’") = kxx for somex € X(c, E). By consistency, (kX), =
R(cy, =y X)- Since kxx), = x andR(cy, =, X) = R(c, E), we are done.

(b) LetNE W, (c, E) € €", andk € N. Let (c’, E’) be ak-replica of €, E) with agent
setN’. By equal treatment of equals, the clones of each member bf receive equal
awards atR(c’, E’). Let kxx designate the awards vector chosen fdr E’). Now, the
hypothesis ofdivision invariance applies tok«x in (c’, E'). This property says that
x=R(c, E). Altogether, we obtainR(c’, E') = kxR(c, E), as required byreplication
invariance.

(c) LetN € A be such thaiN| =2, c, E) € €", andk € N. Let (¢, E’) be ak-replica
of (c, E) with agent sefN’. Let x=R(c, E). We need to show tha(c’, E") = kxx. Let
y=kxx. Let N C N’ with N=2, sayN ={¢, ¢'}. There are two cases. EithNrconsists
of two clones of some claimant i, in which casey, =vy,., but then byequal treatment
of equals, implied byanonymity, (y,, ¥,.) = R(c,, C,., ¥, T ¥,). Or N contains a clone of
each of the claimants iN, and here byanonymity, (y,, ¥,) = R(c,, C,., ¥, t ¥,). Thusy
satisfies the hypotheses cbnverse consistency for R in (¢’, E’), and sinceR is
conversaly consistent, y =kxx=R(c’, E'). O

Obviously, replication invariance implies division invariance. The reason why these
properties are not equivalent, however, is that a rule may safigision invariance by

never meeting the hypotheses of the property (except in the trivial case when the amount
to divide is 0, when it has to, by definition of a rule). Then, there is no reason why
replication invariance should be met. Indeed, consider a rule that selects for each
replicated problem in which the amount to divide is positive, an awards vector at which
at least two claimants with equal claims receive unequal awards. Then the rule satisfies

**The lemma, which is a fundamental tool in the theory of consistency, appears in this form in Thomson
(2001).
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division invariance. Yet, it violates the conclusion afeplication invariance in every
non-trivial problem in which the hypotheses of the axiom apply.

3. Characterizations of the proportional rule

Our main results are characterizations of the proportional rule. Except for one, they
pertain to the case when the population of potential agents is unbounded. We will soon
present an argument that implies our first result, but for a reader not familiar with the
theory ofconsistency, we include the proof as it is representative of the sort of reasoning
that is typical in that literature. The logic is as follows: to show that a rule assumed to
satisfy our axioms is the proportional rule, and starting from a typical claims problem,
we introduce new agents and add resources in such a way that (i) the awards vector
chosen for the resulting ‘augmented problem’ is its proportional awards vector, and (ii)
the reduction of the augmented problem with respect to the initial set of agents and this
awards vector is the initial problem (this implies that in the augmented problem the sum
of what the new agents are awarded should be equal to the added resources.) The
difficulty in carrying out this sort of argument is figuring out exactly how many agents
to bring in, what their claims should be, and what resources to add.

Theorem 1. Suppose |I| = . The proportional rule is the only rule satisfying claims
continuity, equal treatment of equal groups, and consistency.

Proof. We have already seen thBtsatisfies the three properties listed in the theorem.
Conversely, leR be a rule satisfying the properties. Lt A" and €, E) € €" be such
that there exist> 0, y € N" such thatc = ay. Leti €N be such that for eachE N,

c, =c;, or equivalently,y = . Let « R, be such thatq E) = ac.

We now augment the initial problem by introducingnew agents, each with a claim
equal toa, and increase the resource so that at the proportional awards vector of the
augmented problem, all claimants receive the fractioaf their claims. LetN € /" be
such thatN "N =0 and|N|= . Let ', E') € €""" be defined byc =c, for each
(EN, c,=a, and E'=E + aya Let y=R(',E’). By equal treatment of equal
groups, for each paif¢, ¢'}CN, y, =_yf,,l_3 so there exister € R, such that for each
¢ EN, y, = aa. For eachj €N, let N' CN be a group ofy, claimants, and note that
¢, =2\ C, By equal treatment of equal groups, y,=Z; Y,=vea Thus, (,,
Yni) = c@(y, €yi), where e; is the vector of ones irﬂ%NJ._Since this conclusion
holds for eachj €N, we obtainy=ac’. By feasibility, « = a. By consistency,
yn = R(cy, =y ac). To conclude for this case, recall thg{ = x and note thatcy, =,
ac) = (c, E).

Finally, we consider the case when there areanand y as specified in the first

Equal treatment of equals would suffice here.
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paragraph of the proof. Any such problem can be approximated by a sequence of
problems for whiche andy do exist. We then appeal to claims continuity.]

A natural question is whether substitutifglateral consistency for consistency in
Theorem 1 would enlarge the class of admissible rules. The answer is no. Indeed, if a
rule satisfiesclaims continuity, equal treatment of equal groups, and bilateral consis-
tency, then we can conclude as in the proof of Theorem 1 that in the two-claimant case,
it coincides with the proportional rule. Since the proportional rulecisversely
consistent, it follows by the Elevator Lemma that coincidence holds in general.
Theorem 1 as well as two other characterizations of the proportional rule can also be
obtained as corollaries of the following result, using the Elevator Lemma and Lemma 2.
This result is proved independently by Ching and Kakkar (2000).

Theorem 2. Suppose |I| = . The proportional rule is the only rule satisfying claims
continuity, equal treatment of equal groups, and replication invariance.

Proof. We have already seen thBt satisfiesclaims continuity and equal treatment of
equals groups, and it obviously satisfieseplication invariance. Conversely, leR be a
rule satisfying the axioms listed in the theorem. NeE ./ and €, E) € €" be such that
there exista>0, y € N" such that = ya. Letk be a common multiple of thg, wheni
runs overN.

We now replicatek times the problemc({ E) and designate byc(, E’) the replicated
problem. Lety=R(c’, E’). For each{i, j} C N, there exists a subset of the agent set in
the replicated problem—Iet us call INI’—that contams;zl clones of claimani and
clones of claimanj. For each? €{i, j}, let N C N’ be the set of agents iN’ who are
clones of agent. Then 2,eni €, =2Z,cni Cn SO that byequal treatment of equal
groups, =i Y, =Z,eni Y- By equal treatment of equal groups, (this time, equal
treatment of equals would suffice), for eackis, ¢’} C N' and eacH ¢, ¢'}C N’, we have
Y, =Y, It follows that for somex ER, yy. = Yyioni = a(G, - - . ,Cy Gy ..., C). This
argument applying for eacfi, j} CN, we obtain that for some&xr ER_, x= ac. By
efficiency, y = kxP(c, E), and byreplication invariance, R(c, E) = P(c, E).

If there are naa andy as specified in the first paragraph of the proof, we conclude by
an approximation argument as in Theorem 1, and appeéllatos continuity. [

Theorem 3. Suppose || = . Then, the proportional rule is the only rule satisfying

(@) Claims continuity, equal treatment of equal groups, and consistency

(b) Claims continuity, equal treatment of equal groups, and division invariance

(c) Claims continuity, equal treatment of equal groups, anonymity, and converse
consistency.

Proof. (@) This statement is a consequence of parts (a) and (b) of Lemma 2 and Theorem
2.

(b) This statement is a consequence of part (b) of Lemma 2 and Theorem 2.

(c) Let R be a rule satisfyingnonymity and converse consistency. Part (c) of Lemma
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2 and Theorem 2 imply th& = P in the two-claimant case. Sinéeis consistent andR
conversely consistent, we then conclude by the Elevator Lemma thHat=P in
general. O

Our next result is a characterization of the proportional rule that does not ineleives
continuity, althoughequal treatment of equal groups is strengthened taroup order
preservation (note however that in the uniqueness proof, we only invoke the first part of
this property).

Theorem 4. Suppose || = . The proportional rule is the only rule satisfying group
order preservation and replication invariance.

Proof. We have already seen th&t satisfies the properties listed in the theorem.
Conversely, letR be a rule satisfying the properties, and suppose by way of
contradiction that there exisi €./ and €, E)€ ¢" such thatR(c, E)#P(c, E).
Obviously E>0. Let x=R(c, E). Leti €N be such that for eacheN, ¢, =c;. By
group order preservation (order preservation would suffice here)x, >0. Then, there
exists ¢ € N such thatx,/x; # c,/c,. Equivalently, there exists> 0 such that

X, |, c,

Let m: N - N be defined by:

m c,
mn)=maxym eN: —=—
n-c

Note that the functiorm is nowhere decreasing. Furthermore (*):
m(n) <&< m(n) + 1.

n of n
Finally,
n c, n+1 ¢
LW and mo+l S
n ol n of

Hence, there exista large enough so that

o sy 1 Je e [

n '’ n C C

Let N’ €./ be such thaiN’| = (n + 1)|N| and €', E') € €"" be an @ + 1)-replica of
(c, E). In N’, there aren clones of agent, and sincen(n) + 1=n + 1, there are at least
m(n) + 1 clones of agent. By (*):

m(n)c, = nc, < (m(n) + 1)c,

By group order preservation applied to a group consisting of clones of agent and
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m(n) clones of ageni, and then to a group consisting af clones of agent¥ and
m(n) + 1 clones of agent, we obtain:

mn)R(c’, E") =nR,(c’, E") <(m(n) + 1)R(c’, E’).

By replication invariance, R(c’, E')=x and R(c’, E')=x;, so that this double
inequality can be written asi(n)x, < nx, < (m(n) + 1)x;. Dividing through bynx; yields:

mm) _Xx _mn)+1
n Tx - n

Thus,

X |G S
X E}Ci t, c, +t[,
in contradiction to the way was defined. (I

The proofs of Theorems 1—4 require the population of agents to be unbounded above. In
applications, natural bounds often apply however, and the question then is whether other
rules would become available. If there are never more than two claimants, this is
certainly the case. Fotonsistency to come into play, there should be at least three
claimants. Also, if there are no more than three claimamdjcation invariance has no

bite. Indeed, only one-claimant ‘groups’ can be replicated then, and in that case, the
axiom amounts tequal treatment of equals, which is satisfied by all standard rules. It is
therefore of interest that i€onsistency is imposed instead afeplication invariance, a
characterization of the proportional rule is recovered. This is the content of the next
theorem, which interestingly, relies on an induction proof that does not seem to have
counterparts in the existing literature oonsistency. We consider two-claimant problems

in which the larger claim is an integer multiple of the smaller claim and the induction is
on this coefficient of multiplicity.

Theorem 5. Suppose |I| = 3. The proportional rule is the only rule satisfying claims
continuity, equal treatment of equal groups, and consistency.

Proof. We have already seen th& satisfies the properties listed in the theorem.
Conversely, lelR be a rule satisfying the properties. We show tRat P in two main
steps. The first one deals with the two-claimant case. The second one extends the
conclusion obtained for the two-claimant case to all other cases.

Step 1: For eachN € .4 with |N| =2, and eachq E) € ¢", R(c, E) = P(c, E).

To fix the idea, seN={i, j}.

Substep 1: If ¢; =mc; for somemeN, thenR;(c, E) = mR(c, E).

We establish the claim by induction om If m= 1, it follows from equal treatment of
equal groups (equal treatment of equals would suffice here).

Now, letn=1, and suppose that for eaah& N such thatm <n, the claim is true.
We will establish that it is true fom=n. Suppose then that = nc,. Let ¢ €1\{i, j}
(this can be done sindd =3), N’ ={i, j, ¢}, and ¢/, E') € ¥" be defined byc/ =c,,



248 C.P. Chambers, W. Thomson / Mathematical Social Sciences 44 (2002) 235-252

¢/ =¢,c,=(—1), andE'=E+[(n—1)/(0n+ 1)]E. Let y=R(c', E'). Note that
¢/ =c¢/ +c,, so that byequal treatment of equal groups, y, =Yy, +y,. By consistency
and the induction hypothesig, = (n — 1) y;. These last two equalities giwe = ny;. By
efficiency, we then obtaig = (1, n, n — 1) [E/(n + 1)]. By consistency, (y;, y;) = R(cy,
y; +y;) and since € Y, +Y;) = (c, E), we concludeR(c, E) =nR,(c, E), as claimed.

Substep 2: If ¢; = qc; for someq € Q, thenR(c, E) = qR(c, E).

We havec, = (r/m)c for somer, meN. Let £ € I\i, j} (this can be done since
II|=3) andN’—{l i f} Let ', E’) € ¢" be defined byc/ =c,, ¢ =¢, c,=(1/
m) ¢; andE’=E +[1/(r + m)] E. Lety = R(c’, E’). By consistency and Step ly, =ry,
and y; = my,. By efficiency, we then obtaiy = (r, m, 1) [E/(r + m)]. By consistency,
(¥, ¥;) =Ry, y; 1Y), and sinceq, y, +;) = (c, E), we concludeR,(c, E) = qR(c,
E), as claimed.

Substep 3: For each ¢, E) € 6", R(c, E) = P(c, E).

The result follows from Substep 2 amthims continuity.

Step 2: For eachN € .4 with |N|# 2, and eachq E) € ¢", R(c, E) = P(c, E).

If [N|]=1, the claim is obvious. IfN|=3, the claim follows from Step 2 by an
application of the Elevator Lemma, using the fact tRa conversely consistent andR
consistent. [

We close this section with a comment on the independence of the axioms in our
characterizations. It is obvious that large classes of rules would become admissible if
either equal treatment of equal groups, consistency, or replication invariance were
dropped. From de Frutos (1999) and Ju and Miyagawa (2002), it follows that in
Theorems 1 and 3alaims monotonicity can be dispensed with. See Section 5 for further
discussion.

4. Claims problems with a continuum of agents

In this section, we consider problems with a large number of claimants whose claims
are small. We model such situations by representing the set of claimants as a continuum
(Aumann, 1964). We show that in this context, the proportional rule emerges as
essentially (that is, up to measure zero), the only one to satisfy an appropriate version of
equal treatment of equal groups for the model.

The set of claimants is the unit interval [0, 1]. L®tdenote its Borel subsets. L&t

denote the set of nonnegatigemeasurable and integrable functions from [0; 1] if&to
A problem is a pair €, E) € #% X R, such thatE = Ji0.1y C(t) dt. Let 6 denote the set
of all problems. Anawards vector for (c E) € € is an elemenk of £* such thatf, .
X(t) dt = E, and for almost every€ [0, 1], x(t) =c(t). A ruleis a functlon defined of§
that associates with each problen) E) € € an awards vector forc( E). A rule R
satisfiesequal treatment of equal groups if for each €, E) € €, and for each paifA, B}
of elements of#3 such thatf, c(t) dt = [; c(t) dt, we havef, R(c, E)(t) dt= [z R(c,
E)(t) dt. The proportional rule P is defined by
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E

f c(t) dt
[0.1]
if Ji0.4) C(t) dt>0, andP(c, E) =0 otherwise.

P(c,E) = C,

Theorem 6. A rule R satisfies equal treatment of equal groups if and only if for each (c,
E) € €, and for almost every t €[0, 1], R(c, E)(t) = P(c, E)({t)**

Proof. It is trivial to verify that any rule as described in the theorem does satigfgl
treatment of equal groups. Conversely, letR be a rule satisfyingequal treatment of
equal groups. The claim is obvious iff, ,; c(t) dt = 0. Otherwise, letq, E) € € andC

be the measure o8 whose density ic. Let r be the measure o8 whose density is
R(c, E). Clearly, bothC andr are countably additive and nonatomic. By Lyapunov’s
theorem (Aliprantis and Border, 1999, p. 444G(A), r(A): A€ B} C R? is convex. Let
A* € @ satisfy 0< C(A*) < C([0, 1]). Then, byequal treatment of equal groups, if
C(A) = C(A*), thenr(A) =r(A*). Hence, there exista € R such thatr = a«C. By the
definition of a rule,r([0, 1]) = E, so that

E

o2 =7~ .
f c(t) dt
[0,1]

Thus,
E

f[ Ly S

so that for almost everye [0, 1],

r= C,

R, E)t) = c(t),

f c(t’) dt’
[0,1]

where the last equality follows from the Radon—Nikodym theorem (Aliprantis and
Border, 1999; p. 437). 0
5. Related literature and open questions

It is known that for eachN with |N| =3, the proportional rule is the only rule oé"
to satisfy continuity and no advantageous transfer, the requirement that no group of

"It is of interest that the result holds for any rule defined on a domain consisting of one prablEye €.
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agents should benefit by transferring claims among themselves (Moulin, 1988; Chun,
1988; Ju and Miyagawa, 2002). Therefor®, advantageous transfer implies group

order preservation wheneverN| = 3. This is of course not the case for the two-person
case, sinc@o advantageous transfer is vacuously satisfied, even by rules violatiorgler
preservation, to which group order preservation reduces then.

Another characterization of the proportional rule in the variable population framework
is that, when the number of potential claimants is at least three, it is the only rule for
which no two agents ever benefit from consolidating their claims into one and appearing
as a single claimant, and no agent ever benefits from splitting his claim into two parts
and being represented by two claimants whose claims are these two parts (O’Neill,
1982; Chun, 1988; de Frutos, 1999; Ju and Miyagawa, 2002). This is the propewy of
advantageous merging or splitting.'® Let us refer to it as Theorem A. Theorem 1 can be
obtained as a corollary of Theorem A and the fact tpadup order preservation and
consistency together implyno advantageous merging or splitting. We give the proof of
this implication in Appendix A.

Finally we comment on a possible relation between Theorem 1 and Young'’s (1987)
theorem according to which a rule satisfjest continuity (with respect to all variables),
equal treatment of equals, and consistency if and only if it admits a parametric
representatiol. Equal treatment of equal groups implies equal treatment of equals, but
becauseclaims continuity is weaker tharjoint continuity, the axioms of Theorem 1 are
not stronger than those of Young’s theorem. As argued eajbém continuity is a very
natural property, so the weaker version of Theorem 1 obtained by replatangs
continuity by joint continuity—Ilet us refer to it as Theorem B—is an interesting result.
One possible way to prove Theorem B is to use Theorem 1 and the fact that the only
parametric rule satisfyingroup order preservation is the proportional rule. Proving this
fact turns out to be essentially the same thing as proving Theorem 1 directly, however.
Moreover, there are significant benefits to an elementary and independent proof since
Young's theorem is one of the deepest theorems of the theory of resolution of conflicting
claims.

**The reason for this multiple attribution is that Moulin (1988) considers a related but different model, and that
Chun (1988) works with a more general notion of rules, by not requiring-negativity or claims
boundedness.

**This property is most often calledon-manipulability by merging or splitting. O’Neill (1982) imposed
axioms that were later shown to be redundant, sucémasymity and agent-by-agent claims continuity at at
least one point. Chun (1988) considers a more general notion of rules (see footnote 15). de Frutos (1999)
imposesnon-negativity but notclaims boundedness and establishes uniqueness of the proportional rule on
the basis oho advantageous merging or splitting alone. Ju and Miyagawa (2002) establish uniqueness for
the notion of a rule examined here, also on the basisocfidvantageous merging or splitting alone. They
derive it as a consequence of their characterization of the rule on the bawmsadfiantageous transfer.

A parametric representation of a ruR is a functionf defined over some produch,[b] X R, where
[ab] C]— =, oL such that for eachl € ./ and eachd E) € ¢", there is\ € [a, b] such that for each€ N,

R/(c, E) =f(c,, A). The functionf is required to be continuous, nowhere decreasing, and to be such that for
eachc, eR_, f(c, a)=0 andf(c, b)=c,.
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Appendix A

Proof. (of Lemma 1, the Elevator Lemma) L& be abilaterally consistent rule, R a

conversely consistent rule, and suppose that for eabhe A" with [N| = 2, Rien = Rgn.

Let N € 4 with [N| > 2, , E) € ¢", andx = R(c, E). We need to show that= R(c, E).

Since R is bilaterally consistent, then for each N'CN with |[N'|=
=R(Cy, 2y X%)- SinceR=R on the subdomam of two-claimant problems, then for

each_N CN W|th IN'|=2, Xy =R(cy, =\ X). Since R is conversely consistent,

x=R(, E). O

Finally, we include the proof of a claim made in the concluding section.

Lemma 3. If a rule satisfies equal treatment of equals and consistency, then it satisfies
anonymity.

Proof. Let R be a rule satisfying the hypotheses of the lemma. FirstNJeXl’ € /" be
such that]N| = [N’|, and 7: N —~ N’ be a bijection. Letd, E) € ¢". We show that for
eachi €N, R_\((C.i)icn E)=Ric, E). Suppose first thaN NN’ =@. Let (¢,
2E) € &N be defined by, =c, and for eacti €N’, ¢/, = c,. By equal treatment of
equals, for eachi €N, R(c’, 2E) =R_;(c’, 2E). Thus, X R(c’, 2E) =2\, R(c/,
2E) = E. Applying consistency twice, for eachi €N, R7T(I ((c 7(,))i€N, E)=R,(C',
2E) =R(c’, 2E) =R(c, E).

Next, suppose thaN N N’#@. Let N'CI\(NUN’) such that|N"|=|N|, let 7'
N - N” and 7" N” - N’ be bijections such thatr = 7" 7', and let((c, ) cps
E)€ €™ Then, by the previous paragray((C.));cn: E) = Retray((Cor (l)))leN)’
E) =R o)((Cr)ien B) =R E). T

Theorem 7. Suppose |I| = . If a rule satisfies equal treatment of equal groups and
consistency, it satisfies no advantageous merging or splitting.

Proof. Let R be a rule satisfying the hypotheses of the lemma.NL,@{l’ € A" such that
NNN' =0. Let(c, E)€ ¢"and €', E') € ¥" be such thaE = E’ andII be a partition
of N such that there exists a bijectiom: II -~ N’ such that for eacheN’, ¢/ =
Zie -1 G- We will show that for each €N’, R(c’, E) = 2. -1, R(c, E).

Let¢'e RYYM" be defined by =c andc, =c’. Note that ¢, 2E) e ¢"“"'. By
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equal treatment of equal groups, for eachi €N’, R(c", 2E)=ZX,c ;) R(c", 2E).
Therefore,2 R(c", 2E) = 2, R(c", 2E) = E. Thus, byconsistency applied twice, for
eachi eN’, R(c’, E) =R(c", 2E) = Z,c ;) R(C", 2B) =2, 1) R(C, E).

Now, appealing to Lemma 3, we conclude tiasatisfiesno advantageous merging
or splitting. O
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