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1. 

(10 points each, 20 points total) A
re the follow

ing statem
ents T

rue, F
alse 

or A
m

biguous? P
rovide a short justification for your answ

er. (Y
ou are 

evaluated on your justification.) 
 

a. 
(10 points) B

ecause the typical investor in the governm
ent bond 

m
arket has a short-term

 horizon, the term
 structure should be 

upw
ard sloping.  

S
o

lu
tio

n
: U

ncertain. T
he yield to m

aturity on a long-term
 zero 

coupon bond is an average of forw
ard rates up to the m

aturity of 
the bond. F

orw
ard rates are equal to expected future interest rates 

plus a risk prem
ium

. If expected future interest rates are low
er than 

current rates, then the yield to m
aturity on a long-term

 zero coupon 
bond could be low

er than current rates. H
ence even w

ith positive 
risk prem

ia, the term
 structure could slope dow

n. 
 

b. 
(10 points) P

rotecting a liability by duration m
atching could be 

expensive because of all of the trading that is necessary. 
S

o
lu

tio
n

: U
ncertain. T

his of course depends on trading costs and 
the am

ount of trading really necessary. T
he point, how

ever, is that 
duration m

atching requires rebalancing as tim
e progresses and as 

interest rates m
ove. (T

his assum
es that the liability is not funding 

by zero coupon bonds that exactly m
atch the m

aturity of the 
obligation.) 
 

2. 
(25 points) 
Y

ou w
ork for a pension fund. T

he board of the pension fund is w
orried 

about an obligation of $500 m
illion that m

ust be paid out of the pension 
fund in 5 years.  T

hey w
ould like you to design an investm

ent strategy 
today to finance that obligation. S

uppose that the term
 structure is flat at 

8%
. (R

em
em

ber this m
eans that the yields to m

aturity on all pure discount 
bonds are 8%

). 
a. 

H
ow

 m
uch do you need to invest today to fund the obligation? 

b. 
T

he board has advised you to invest this m
oney in a com

bination of 
3 year and 10 year zero coupon bonds. T

hey w
ould like you to set 

this up so that the pension fund is shielded from
 interest rate 

fluctuations as m
uch as possible. (Y

ou are to protect against 
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parallel shifts in the yield curve.) H
ow

 m
uch w

ould you invest in 
each of the bonds today? 

c. 
S

uppose that im
m

ediately after you m
ake your investm

ent interest 
rates to increase to 9%

 at all m
aturities. W

ithout doing any 
calculations w

ould you expect the change in the value of your 
investm

ent in the tw
o bonds to be sm

aller or larger than any 
change in the value of your liability? W

hy? (Just w
ords. N

o 
calculations!) 

 S
o

lu
tio

n
: 

a. 
Y

ou need to invest: 

29
.

340
08

.1 500
5

=
 

b. 
T

he duration of the obligation is 5. Let x be the proportion invested 
in the 3 year bond. x m

ust satisfy: 
5

)
1(

10
3

=
−

×
+

×
x

x
 

T
his im

plies that x =
 0.71. H

ence 0.71 × 340.29 =
 243.06 m

illion 
should be invested in the 3-year bond and 0.29 × 340.29 =

 97.23 
m

illion in the 10-year bond. 
c. 

A
s interest rates rise the duration of the liability does not change. 

T
he duration of the assets falls how

ever since the relative value of 
the 3-year bond increases. H

ence there is convexity in the asset 
position. T

he value of the assets w
ill fall by less than the value of 

the liability. 
 

3. 
(25 points)  
Y

ou w
ork on the bond trading desk of a large bank. Y

ou know
 the 

follow
ing m

arket prices of zero coupon bonds w
ith face value of $100:  

 
Y

ears to M
aturity 

1 
2 

P
rice 

98 
95 

 
a. 

W
hat is the forw

ard rate from
 year 1 to year 2? 

b. 
Y

ou also find that a 2-year coupon bond w
ith annual coupons of 

$100 and face value of $1,000 is trading for $1,000. Is this 
consistent w

ith the prices of the zero coupon bonds given above? If 
not, is there any w

ay in w
hich you could exploit the bond prices? 

H
ow

 w
ould you do it? B

e very specific. 
 S

o
lu

tio
n

: 
 

a. 
T

he forw
ard rate is given by: 

%2
.3

1
95 98

1
2 1

2
=

−
=

−
=

B B
f

 

b. 
T

he price of the coupon bond should be: 
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1143
100

95
1100

100

98
100

=
×

+
×

=
P

 

H
ence the m

arket price is too low
. I w

ould buy this bond and sell 
one 1-year zero coupon bond and sell 11 2-year zero coupon 
bonds. T

he resulting cash flow
s w

ould be: 
 

 
Y

ear 0 
Y

ear 1 
Y

ear 2 
P

urchase of coupon bond 
-1,000 

100 
1100 

S
ale of 1-year zero 

98 
-100 

-- 
S

ale of 2-year zero 
11×95=

1045 
-- 

-1100 
N

et C
F

 
+

143 
0 

0 
 

I w
ould do this as m

any tim
es as possible! 

 
4. 

(30 points) 
C

onsider tw
o stocks “B

" and “C
" w

ith the follow
ing properties: 

30
.0

15
.0

)
~(

0
15
.0

10
.0

)
~(

,

=
=

=
=

=

C
C

C
B

B
B

r
E

r
E

σ
ρ

σ
 

T
he risk-free rate is 5%

. 
Y

ou are advising a client w
ho has $1 m

illion invested. C
urrently 50%

 of 
this m

oney is in stock B
 and 50%

 is in stock C
. 

a. 
W

hat is the expected return and standard deviation of the return on 
your client's portfolio? 

b. 
W

hat is the S
harpe R

atio of this portfolio? 
c. 

Y
our job is to com

e up w
ith a better portfolio than the one currently 

chosen by your client. W
hat com

bination of stocks B
 and C

 has the 
highest S

harpe R
atio possible? (R

em
em

ber that the portfolio w
ith 

the highest S
harpe R

atio is the “O
P

" portfolio.) 
d. 

If you w
ish to m

atch the expected return of your client's current 
portfolio using the portfolio from

 part c, w
hat w

ould you do? 
 

S
o

lu
tio

n
: 

a. 
T

he expected return is given by: 

%
12.5

  
%

15
5.

0
%

10
5.

0

)
~(

)
~(

)
~(

=
×

+
×

=

=
×

+
×

=
C

C
B

B
p

r
E

w
r

E
w

r
E

 

T
he variance of the portfolio return is given by: 

028125
.0

3.
0

15
.0

0
5.

0
5.

0
2

)3
.0

5.
0(

)
15

.0
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2
)

(
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(
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,
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2
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=
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×
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=
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+
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C
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B
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B
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w
w

w
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σ
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H
ence the standard deviation is given by: 

168
.0

02815
.0

=
=

p
σ

 or 

16.8%
. 

b. 
T

he S
harpe ratio is given by: 

45
.0

168
.0

05
.0

125
.0

)
(

=
−

=
−

=
p

f
p

p

r
r

E
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σ
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c. 
T

he w
eight on stock B

 in the O
P

 portfolio is given by: 

[
]

C
B

B
C

e
C

eB
B

e
C

C
eB

C
B

B
C

e
C

C
eB

pB
r

E
r

E
r

E
r

E

r
E

r
E

w
σ

σ
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σ
σ

σ
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ρ
σ

)
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)
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In this case: 

[
]

667
.0

0
10
.0

05
.0

15
.0

10
.0

3.
0

05
.0

0
10
.0

3.
0

05
.0

2
2

2

=
×

+
−

×
+

×
×

−
×

=
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w
 

d. 
T

he expected return on this new
 portfolio is: 

%
67
.

11
15
.0

333
.0

10
.0

667
.0

)
~(

=
×

+
×

=
O

P
r

E
 

Let w
 be the w

eight on this portfolio and (1 - w
) on the risk-free 

security. T
he w

 m
ust satisfy: 

%5
.

12
%

67
.

11
%5

)
1(

=
×

+
×

−
w

w
 

T
his gives w

 =
 1.125. H

ence I need to invest 112.5%
 in the portfolio 

“O
P

" and borrow
 12.5%

 of m
y net asset value at the risk free rate 

the portfolio. T
his m

eans I borrow
 $1 m

illion ×0.125 =
 $125,000 and 

invest $1 m
illion × 1.125 × 0.667 =

 $750,000 in stock B
 and $1 

m
illion × 1.125 × 0.333 =

 $375,000 in stock C
. 

 


