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Abstract

We consider a continuous time model of the project value process that can only be observed
with noise, and we allow for the possibility that the manager in charge of the project can mis-
represent the observed value. The manager is compensated by the shareholders, based on the
filtering estimate of the project outcome. By means of a variational calculus methodology, novel
for this kind of problems, we are able to compute in closed form the optimal pay-per-performance
sensitivity of the compensation and the optimal misreporting action. We illustrate our theoretical
predictions through a detailed comparative statics analysis, which indicates that the shareholders
induce the manager to increase the amount of misreporting over time.

Keywords: variational calculus; stochastic filtering; optimal compensation; hidden action; risk-
sharing.

1 Introduction

We consider a continuous-time model of the firm’s value process in which shareholders hire a manager
to run the firm, and pay him a part of the proceeds as compensation. The payment is decided by
a contract between the two parties. The first and seminal continuous-time model was developed
in Holmstrom and Milgrom (1987), and considers the case of hidden action, in which the manager’s
control (effort) of the drift of the project value process cannot be contracted upon, either because
it is unobserved by the shareholders, and/or because that is not legally enforceable. Their work
was generalized and extended by many authors, including Schéttler and Sung (1993, 1997). See
also Ou-Yang (2005), Ju and Wan (2010), and Cuoco and Kaniel (2011). Cvitani¢, Wang and
Zhang (2009) uses the stochastic maximum principle and forward-backward stochastic differential
Equations (FBSDEs) to characterize the optimal compensation for more general utility functions.
Giat et al. (2010) consider a model in which the project value is observed, but its risk premium (drift
term) is not observed, and the shareholders and the manager may have different prior beliefs about
it. Goukasian and Wan (2010) consider a hidden action framework with multiple agents who only
care about their relative position and study the impact of this assumption on the optimal contract.

The distinguishing features of our model are: (i) the actual project output is not observed directly,
but only with noise; (ii) the manager can bias the observations of the actual project output by his
actions. In justifying the modeling assumption (i), let us mention that the presence of accounting
noise in reports has been well documented in the literature, and has been found to be an important
determinant of corporate credit spreads, see, e.g., Capponi and Cvitani¢ (2008). Assumption (ii)
means that the manager can misreport the accounting reports in order to increase his own utility,
albeit at a cost. Even if the misreporting action is hidden, the shareholders are aware of its possibility,
and can correctly compute the amount of the manager’s misreporting in equilibrium. Moreover, the
manager incurs a penalty for applying misreporting action, which may be interpreted as a reduced
form model of the reputation concerns, for example from negative effects on him of potential auditing.
Higher auditing frequency would correspond to increasing the cost of the misreporting action.

We assume that the shareholders (like the manager) have short-term objectives, and are not
concerned about the long-term value of the firm. Further, we assume that the outside market is
unable to detect, or correctly estimate the level of misreporting in the short run. This can be due to
several reasons. For example, outside investors may lack information on the utility functions of the
manager and/or the shareholders, or on which compensation contract is promised to the manager.
Alternatively, we can think of a part of the market as composed of unsophisticated investors, for
example small retail investors, who are more likely to trust the released reports, and would take



longer time to question their validity due to their inability to well understand firms’ disclosures, see
Fishman and Hagerty (2003). Clearly, misreporting could be detected or estimated in the long run,
effectively bursting a “bubble” created by it. We assume this can happen only after the contract is
paid, and thus it is not modeled here!.

As misreporting affects the probability distribution of the observed output process but is not
correctly accounted for by the market, it results in the market producing biased estimates of the
output process. This implies that both shareholders and managers could extract benefits from
misreporting, as they would be able to sell the firm to the market in the short term at a premium
over the actual value.

We are interested in characterizing the behavior of the optimal pay-per-performance sensitivity
and misreporting action applied by the manager over time under a hidden action model. In order
to test the robustness of our qualitative conclusions, we also consider the risk sharing informational
framework, in which the misreporting action is decided by shareholders and manager together, so as
to maximize their joint utility. We assume that compensation is linear in the market estimate of the
value of the output process, and that both manager and shareholders have exponential utilities. The
partial observability of the output makes the optimization problem non-standard, thus requiring a
proper reformulation as a free-boundary calculus of variation problem with constraints. This differs
from previous works in the literature, where full information about the output is available. To this
end, we apply a novel variational methodology based on time dependent Lagrangian multipliers
and we are able to obtain an explicit solution to the problem via the Euler-Lagrange equation,
thus facilitate a comparative statics analysis. Despite the methodology is specialized to the above
described misreporting problem, the variational techniques developed in this paper can be viable to
analyze moral hazard problems where multiple non-contractible actions are taken.

Different methodologies using variational analysis have been applied to principal agent theory
within an adverse selection framework. Those include Carlier, Ekeland and Touzi (2007), who
show existence and uniqueness of the optimal derivative design, and Figalli, Lom and McCann
(2011) who derive uniqueness and stability of the principal’s optimum strategy. Horst and Moreno-
Bromberg (2008) generalize the principal’s utility function by assuming that contract design exposes
the principal to additional risk, measured by a convex risk measure.

Through our analysis, we find that the shareholders decrease the pay-per-performance sensitivity
offered to the manager when the level of observation noise increases, which in turns leads the manager
to apply a smaller amount of misreporting. This happens because, as the intensity of the noise gets
higher, the gain resulting from the fact that the market is unaware of misreporting becomes smaller
and smaller. Moreover, we find that it is optimal for shareholders to induce the manager to increase
the level of misreporting over time. Thus, if regulators were to undertake early auditing actions,
they would prevent higher and higher levels of accounting irregularities from occurring.

The remainder of the paper is organized as follows. Section 2 describes the model. Section 3
introduces and analyzes the problem with hidden misreporting action in detail. Section 4 deals with
the risk-sharing problem of maximizing the joint welfare. Section 5 performs a comparative statics
analysis. Section 6 concludes our study. Longer proofs are delegated to Section 7.

!More direct and mathematically sophisticated modeling of price bubbles is an active area in research; see, e.g.,
Loewenstein and Willard (2000), Cox and Hobson (2005), Jarrow, Protter, and Shimbo (2010).



2 The Model

We work on a probability space (2, Fp,P), where T is a fixed time horizon. We assume that the
project value (profit/loss, firm value, outcome) process is given by

dxy = Oedt + edWy (2.1)

for some constants # > 0, ¢ > 0, and a F;-Brownian motion W;. We assume that zg is observed,
for simplicity. The project value has to be shared between the owners (the shareholders) and the
manager. We assume that the value process is not directly observed, instead, what is observed is

process y given by
dy; = xdt + 0dZ) (2.2)

where Z? is a F;-Brownian motion independent of W;. We denote by F/ the filtration generated
by the observation process {y;}. Here, o > 0 models the accounting noise. Given a deterministic
bounded function ay,? defined on the interval [0, T], which represents the manager’s action, we define

ta,
z8 = Z?—/ % s (2.3)
00
t 1 rt 2
My = exp{/ %ng—f/ (as) ds} (2.4)
0 O 2Jo \o
PU(4) = E[M§1y (2.5)

Then, we know by Girsanov theorem that P*(A) is a probability measure and Z{ is a (¢, P?)
Brownian motion. The manager’s choice of a; corresponds to the choice of the probability measure
P and thus to the choice of the distribution of the observation process y;. In other words, the
manager adds the misreporting amount a; to the rate of the actual outcome process x4, thus (possibly)
introducing bias.

For a given function a;, we introduce the filter process,

. A —pa
2¢ = Bf[we] = B [24|FY].

Remark 2.1. Our setup models misreporting via a change of measure method, which is a standard
modeling procedure for hidden action problems, including the original Holmstrom-Milgrom model.
One novelty here is that we will use not only quantities computed under measure P®, but, as we shall
see, also 20, the estimate of the output under the (incorrect) assumption that there is no misreporting.

We can write
dyy = [} + ai]dt + odZ} (2.6)

where |t
28 =70 4 7/ s — £%] ds 2.7)
o Jo

is the innovation process for our filter, which is well known to be a (F7,P%)-Brownian motion, see

2We assume deterministic action, and, later below, linear contracts, for tractability reasons. In the classical
Holmstrom-Milgrom model, the optimal action is, in fact, deterministic and the optimal contract is linear. It is
possible that also in our model these assumptions are without loss of generality, but we don’t have a proof.



Liptser and Shiryaev (2000). Note that the classical Kalman-Bucy filter gives
N UVt ,5a
where v; satisfy the first order differential equation
T N

VvV =€ — —U
t o t

with solution
et €t

c —e o t
V¢ = €0 % = €0 tanh (€> (29)
eoc +e o o

We have the following useful relations, which will be extensively used later:

R t t
Z?:/ id;eg—/ <0 s (2.10)
0 0

Us Vs

Lemma 2.1. We have

and so, Z{ is expressed in terms of 2 as

R R t t 20 _ sa
Zg:Z,?—/ %ds—s—/ Ts =% s, (2.11)
0 0 0

g

Moreover, &) may be expressed in terms of Z¢ as

N UVt .5 Viat UVt (.0 N
di¥ = edt+ —dZ¢ + 5 dt — — (20 — 29) dt.
t € + o et + o2 o2 ( t t)

The proof of Lemma 2.1 is provided in Section 7.1. If we assume that a; is deterministic, as
we will, the filter mismatch term #9 — 2¢ may be explicitly computed. The result is given in the

following lemma, whose proof is presented in Section 7.1.

Lemma 2.2.
0 aa ef(f sinh (£) as ds

T o cosh (%)

(2.12)

We restrict our analysis to the linear contracts of the form
T
Cr=c+ / oztdi‘:?
0

where «; is deterministic. The payment Cy is thus an FY-measurable random variable, and should
be interpreted as a payment in cash, the amount of which depends on random outcomes of 2% by time
T. The justification for using #° rather than £ is that the payments legally have to be offered under
the assumption that there is no misreporting. In what follows, we make the following assumption

Assumption 2.1. Both the misreporting action a; and the pay-per-performance sensitivity (PPS)
ay belong to the set of deterministic continuously differentiable functions on the interval [0,T].

We will use afIA and al{{A to denote, respectively, the optimal pay-per-performance sensitivity,
and optimal misreporting action in this hidden action framework. We, instead, use afs and afs later
below, to denote, respectively, the optimal pay-per-performance sensitivity, and optimal misreporting

action in the risk-sharing framework.



3 Hidden Action

We assume that the manager is maximizing, over the choice of as, the expected utility
A a
E*[Uy(Cr — Gr)] = E¥ [U1(Cr — G7)]

where E? is the expectation corresponding to the action process a, Cr is the payment from the
shareholders to the manager at time 7', and Gt is the cost the manager faces. We assume the latter
to be of the form

T
Gr= [ glads
where g(x) is assumed to be a strictly convex function so that

2
g(x) > €% (3.1)
As already mentioned in the introduction, this cost may be thought of as a reduced form modeling
of the negative reputation effects on the manager if his misreporting is discovered by the market.
The information structure in our model is as follows.

e The manager observes process y, and chooses action a.

e The shareholders observe process y, and do not necessarily observe action a, but they compute
it correctly from knowing everything about the model. Therefore, they can also produce an
unbiased estimate of the outcome process using the observations.

e The market (outside investors) can not compute exactly the misreporting level optimal for the
manager, due to lack of information.

For simplicity, we will assume that the outside investors estimate the output process by 29, that
is, assuming no misreporting. This is approximately true if their prior for action a is that of no
misreporting (a; = 0), and the time horizon T is short. Our results below would remain qualitatively
the same if we assumed that the market value of the firm at time 7' is given by 2%/ for some fixed
“conjectured" level of misreporting ay, different from the actual level. Such an assumption is justified
if the market does not know exactly the manager’s or the shareholders’ utility functions and/or the
cost function, or does not know other parameters of the model, but tries to form inferences about
the misreporting level over time through observations of the output process. That would also be the
case if with some positive probability p the market uses #° as the estimate, and with probability
1 — p it uses the unbiased estimate 2®. We focus on the setting in which they use 2°, to examine the
effects of misreporting in this extreme case.

Let us also mention that, even though the true value of the firm may be known eventually (or
asymptotically) as time goes by, so that the long-term shareholders will be awarded the actual value,
short-term shareholders that we are modeling are hoping to be able to sell off their shares at the
value inflated by misreporting. Effectively, as already stated in the introduction, there is a “bubble"
that we assume may burst only after time 7', and is thus not modeled here.

The shareholders’ problem is to maximize over Cr the expected value

E*[Us(2F — Cr)] (3.2)



under the constraint that the manager’s expected utility is at least Ry, for some given constant Ry.
The quantity ;f?% — Cp can be interpreted as the residual gain for the shareholders, i.e. the proceeds
from the sale of the firm to the market, after paying the manager. Moreover, the fact that the
shareholders take expectation under the measure P® corresponds to the assumption that they can
compute the level of the manager’s misreporting exactly.

In what follows, we make the following assumption

Assumption 3.2. oy > 0.

This is a natural condition, guaranteeing that the compensation is higher with higher returns in
output. We restrict our attention to exponential utilities, assuming that

Ui(z) = —e” " Us(x) = —e 727 (3.3)

We now introduce the following quantities

t
Dt é/o sinh (f) asds, (3.4)

and
A [T
g = /t g (as) ds. (3.5)

3.1 Optimal misreporting given contract

In this subsection we study the optimal misreporting action for a given contract. We establish a
relation which connects given oy to the optimal a;. Before giving the main result, we give an auxiliary
lemma.

Lemma 3.3. If a;, t > 0, minimizes the functional

11 v2 v e [¢ sinh (<) a,dr
_ 27s _ s _ 0 o r
/t [2%% o2 feas +g(as) — o o2 (as < o cosh (£) ds

then the following relation must hold for t > 0

o’ / T /
ap = U—t g (a/t) +/t g (a,s) dS. (36)

The proof of the lemma is presented in Section 7.2. We then have the following result which
establishes the relationship between the optimal pay-per-performance sensitivity and misreporting
action.

Proposition 3.1. The pay-per-performance sensitivity afm corresponding to the manager’s optimal
maisreporting action af{A satisfies
HA _ 9 ’ HA T HA
ot =T g @) + [ g/l s (37)



Proof. The manager maximizes over a; his utility function

T
E*[U\(Cr = Gr)] = E* l— exp {—71(CT —/O g(at)dt)H

= E° [_ exp {—71 <c + /OT o di) — /OTg(at)> dtH

= —exp{X} (3.8)

where

T 1 2 e [Lsinh () ayds T
N A e NP Ny ot
2 o o o cosh (£) 0

Note that the last equality (3.8) follows from using the expression for 2 given in Eq. (2.12), and the
fact that, for a given deterministic function (t), we have

g [exp ( /0 L) dZAfﬂ — oxp (; /O Tw(t)th> (3.9)

Maximizing the above expectation is equivalent to the problem

T 1 2 h (&
atHA 2 argmina/ l271afv —feay + g(ar) — oy vg (at — < fo sinh ( o ;Z ))] dt.
0 et

o cosh (£

Application of Lemma 3.3 thus yields the result. |

3.2 Optimal Contract

The shareholders want to maximize, over oy, the expected utility given by Eq. (3.2), under the
reservation constraint that the manager expected utility, given by Eq. (3.8), is equal to Ry. From
this constraint, we obtain

T
Ry = —-E [exp{—’ylc—fyl/o atd:%?—i-’ng(at)dtH
T §a! Utzat vtag UVt (.0 ~a
= —exp{—m c—l—/o a| et — 53 —l—?—ﬁ(azt —xt) —g(at) | dt| ¢ (3.10)
leading to

B T v2a Vi@ Ve [ N
et = e Lo [ (o (o0 F I S (0 5) ) ot

and therefore, solving for ¢ in the above equation, we arrive at

1 T 107 viay Ut [ .
c= —% log(—Ry) —/0 (at [96 — 5—271 + % 2 (acg — x?)] — g(at)> dt. (3.11)

g



Using the expression for ¢ given in Eq. (3.11), and using Eq. (2.12) to express everything in terms
of Z, we can immediately verify that

T
Cr = c+/ atdai“g
0
1 2vt a
= ——log(—Ro) —i——/ dt+/ at—dZ +/ (ar)d (3.12)
g

Plugging the expression for :i’% obtain from integrating the SDE in Eq. (2.12) and the expression for
Cr given by Eq. (3.12) into Eq. (3.2), where we recall that Us(xz) = —e™72% we get that we need to
minimize, over ay,

2

T T o?v
ga [exp{ o (2% CT)H - Ea{exp{ D —i—/o efdt| + 72271/0 ;2t dt

T T .

v / [g(at) “;“t} it — /0 “az;

T efo sinh (£) a,ds
02 cosh (o)

T
+")/2/ at—dZ“ + dtH. (3.13)
As a4 is deterministic, for a given square-integrable deterministic function ¢, the expectation above
can be computed by using Eq. (3.9). Therefore, we want to minimize

2

t_: €s
o [Ty oo 1 Yo ( vt vt>2 vy € [y sinh (£2) agds
Alt = — - — — z dt (3.14
(t, o) /o [2 o? o) - 2T T M) T T o (9) (3.14)

where the expression for ay is given in Eq. (3.7). It follows from Eq. (3.4) and Eq. (3.5) that

po =0, qr =0, (3.15)
and for ¢t > 0 we have ;
p, = sinh (Z) at, q, = —9'(ar) (3.16)
from which we obtain ;
q=—g <csch <6) pé) , (t > 0). (3.17)
o

Observe that Eq. (3.4) and Eq. (3.5) turn the integral in Eq. (3.14) into

A T
AL(tvphqt) = A L(tvptv(Jtap:‘,qu) dt (318)



where the integrand is given by

2, et ’ €t 2
L(t,pn qt, D¢» qt) 5 oq;— € tanh ; qt

1 t 2 t
+=¢£ (csch (€> pé) £ sech (€> o
2 o o o

V2 €t 2
+? {a q; + € tanh <0) (1- Qt)]

2 t t
—i—% tanh <6) sech (6> Dt (3.19)
o o o

Before stating the main result, we give a few auxiliary lemmas.

Lemma 3.4. There exist unique optimal at, ps, and q; such that

min {A(t,a;) : a; satisfies (3.6)} = (min) {AL(t,pt,qt) : Pt qr satisfy (3.17)} (3.20)
at Dt,Gt

The proof of Lemma 3.4 is presented in Section 7.2. To find the minimizers (p;, ¢) in (3.16) we
use the method of Lagrange multipliers taking into account the free boundary conditions naturally
appearing. To this end, we define

A et
LMt pe a1, P}, 44) = Lt pe, ae P a1) + A(E) [q,i +4g (csch (0> pi)] (3.21)

where A(t) designates the time dependent Lagrange multiplier. We first obtain the following lemma.

Lemma 3.5. Consider the functional

T
A
I(pe, qt) = /0 LA, pe, @i, D), 4)) dt. (3.22)

where L has been defined in Eq. (3.21). The minimizer (ps,q;) of  satisfies

O (O1Y (i (7)) s () =
op i <8p2> pr ()\(t) g <csch (J) Py | csch =)= 0 (3.23)
oL d (OL\
= _ (=) = = .24
i (o) Y0 =0 (324
oL (o (L) ) e (L) =
A +AT)g (CSCh ( = > pp | csch —)= 0 (3.25)
oL
B o T A0 =0 (3.26)
I h ety
gi=—¢ (esch(—)pi), >0 (3.27)

The proof of Lemma 3.5 is presented in Section 7.2.

In what follows, we assume that
t2
glt) = £ (3.28)

10



Remark: The assumption of quadratic penalty function is only done to get explicit expressions for
the optimal action and contract. A similar analysis can be carried out with a different choice of
penalty function as long as it satisfies assumption (3.1).

Eq. (3.28) turns (3.27) into

;) _1 . it /
Py = ¢ sinh (a> q; (t > 0). (3.29)

Note that by using Eqgs. (3.4), (3.5) and (3.17), we may rewrite Eq. (3.6) as

a? ,
o =——q +q (3.30)
Ut

In what follows, we set

A [ (it 2
(Mm+1)o2+1)

Employing Lemma 3.5 we obtain the following key result.

Proposition 3.2. The (unique) minimizer of (p},q}) of the functional A* defined by Eq. (3.18) is
given by

ot Y2 eT et
ro= sech (BT cosh (Bt) + — sech <> cosh <> 3.31
i = 2 sech (BT) cosh (51) + — 2 ) cosh (£ (331

and

_ Bmosech(BT) (—ecosh (£) sinh(Bt) + Bo cosh(St) sinh (£))
e (71 +72) (e — f20?)¢
sech (%) (O‘ sinh (%) - 2(—:15)

40

+ (3.32)

The proof of Proposition 3.2 is presented in Section 7.2. We are now ready to state the theorem
giving the optimal contract and misreporting action.

Theorem 3.1. The (unique) optimal misreporting action afm is represented by
HA 1B . € T\ . et
a; = —————sech (BT) sinh(pt) + —sech <> sinh ( . 3.33
P T G g e T S0+ Cnech (7 o (339
HA

Moreover, the corresponding a;** is uniquely given by

HA V2 7 sech(BT) { ) <€t)]
@ - + —Bo sinh (Bt) + e cosh(ft) tanh | — 3.34
' Y1+7 7+ 72 etanh (£) B (Bt) (Bt) . (3.34)

and the optimal contract can be expressed as

1
Ba!

T
Cr = log(—R0)+d+/ o4 dz) (3.35)
0

A
where d = dy+do+dg is the constant that makes the manager’s expected utility equal to his reservation

11



value, with

A [T y0f
dl = E 0 gy ;gdt
o0 (BT’Y%(GQ — B%0%)sech®(BT) + v ((n1 + 42¢) + 21107) tanh(ﬁT))
- 4B(v1 + 72)?
+’Yl (256 (fy%Te — (71 4 72)? o tanh (%))) (3.36)
4B(n +72)? '
and
T HA A0 _ sallA
d 2 / a2t (—‘”"6 S Sl ) dt (3.37)
0 g V¢ g
and
T
dy 2 / § (qHAy2gy
0o 2
risech? (ST) (sinh (267) — 27) _ € (7 tanh () — Tsect?® ()
8§(m +12)? 402
Byi€ ( Bo tanh % — etanh (BT)

8¢(11 +72) (¢ — B%0?)
where pf is defined in (3.32).

Proof. For 0 <t <T, we set p; and ¢; as in (3.4) and (3.5). By the application of Lemma 3.4 and
Proposition 3.2, we have that a/74 minimizes the functional A(t, a;) as long as the pair (p, g) solves
the optimization (minimization) problem defined by Eq. (3.22) and Eq. (3.23)-(3.27). Application
of Lemma 3.2 yields that the solution ¢/ is given by Eq. (3.31). Differentiating the expression for ¢}
given in Eq. (3.31), we obtain Eq. (7.52), which immediately implies that the optimal misreporting

action aff4 is

1, . . Ty .
alflA = _E(q;) — _(’lei/i’z)f sech(BT) sinh(Bt) + Uiésech <60> sinh (j) (3.39)

Plugging the expression for a4 inside Eq. (3.6), we obtain after straightforward calculations that
the optimal a4 is

2

ey

" (¢) +q
v sech(8T) ) (etﬂ Y2

= —QBosinh (Bt) + ecosh(ft) tanh | — ) | + 3.40

T vt ) | P (00 (Bt tanh ()] + 22— (340

HA
Gy

12



Using the expression for aff 4 we obtain

T T
HA 140 v1  sech(5T) [ . (etﬂ Y2 -0
o Cdry; = / —pBosinh (Bt) + ecosh(ft) tanh | — || + dz
/0 ! ! 0 (’h + 72 e tanh (<) 8 (Bt) (Bt) o Y1+ 72 t

Recall that the expression for the optimal contract is given by Eq. (3.12). Using the expression for
a4, we obtain that
n T

2Ut2
> J, o ﬁdt (3.41)

evaluates to d; given in Eq. (3.36). Expressing Eq. (2.12) in terms of dZ¢, for any function a;, we

obtain 0
) . 0
d20 = T30 — T qr - Mg T gy (3.42)
V¢ V¢ (o2 g

The expression for ) — £¢ has been derived in Eq. (2.12) and so we use

* t . €S HA
D; :/0 sinh — ) as ds (3.43)

HA
~0_ ~a
Ty — Ty

given in Eq. (3.32) to compute . Consequently, we have

g

T 9 HA ~0 _ ~aHA
/0 ot (—” - ) dt (3.44)

o Vg o

leading to dg in Eq. (3.37). Next, we compute

Gr = /O Tg (a{“‘f dt (3.45)

yielding d3 given in Eq. (3.38). Altogether, we obtain that the optimal contract is given by Eq. (3.35).
|

Remark 3.2. Verification of Assumptions 2.1 and 3.2. It can be easily verified that Assump-
tion 2.1 is satisfied, given that both afm and afm are smooth (infinitely differentiable) functions.
This results from the fact that ¢i and p; obtained in (3.31) and (3.32) are smooth, and thus all cal-
culations carried out in this section are fully justified. We next show that Assumption 3.2 is satisfied.
Observe that

g2 = (y1+72) € (mt+12)e e
et(mt+mp)a?  (ntm)e? o

Notice that since So < €, we observe that tanh(ft) < tanh (%t) and so, for all t > 0, we have

sinh(ft) = cosh(ft) tanh(5t) < cosh(St) tanh (i) .

13



Therefore,

h(8T) , . ) Y2

HA > Y2 S6C sinh(St) — sinh(3t)) +

1 + 72 tanh (%t) ( (B8) (50)) Y1+ 2

= 7 (3.46)
Y1+ 72

from which we infer that o4 > 0 for all t > 0, and thus Assumption 3.2 is satisfied.

4 Risk-Sharing
We now study the risk-sharing problem of maximizing the joint welfare
J(T) := Ji(T) + M\o(T) = E¥[UL(Cr — Gr)] + AEF[Us (2% — C7)]

where ) is a given constant representing the relative risk-sharing level. We maintain the assumption
that both Uj(z) and Us(x) are exponential and given by Eq. (3.3). The above is a classical risk-
sharing problem, or joint welfare problem, resulting in the so-called first-best solution. Here, in
addition to sharing C'r, the shareholders and the manager also have to find the jointly optimal
choice of the misreporting level a, which can be contracted upon. Differently from the hidden action
case, we don’t restrict the contracts to be linear, rather, we find the optimal contract to be linear.
More precisely, taking a derivative with respect to Cr inside the expectation and setting it equal
to zero gives us the classical Borch rule for risk-sharing, that the ratio of the marginal utilities is
constant:

U (Cr — Gr) = \U; (2} — Cr) . (4.1)

As the utilities functions of shareholders and manager are exponential, we get the following expression
for the optimal risk-sharing contract, for an appropriate constant c,

A 71
Cr=c+ o329 + Gr 4.2
T Y1+ Y2 (42)
where
afts = 2 (4.3)
Y1+ 72

As we only allow deterministic control actions at, G is deterministic. Thus, the above expression
for Cr is in agreement with a standard result that shows that the optimal risk-sharing fraction is
determined by the relative size of the risk aversion parameters v1,v2. We also see that the fact that
the outcome process is not observed does not play a role here, that is, the PPS does not depend on
the observation noise 0. Compared to the previous hidden action case, PPS here agrees with PPS
there in the special case of o or £ being infinite (see also Section 5 for more details). Under the
probability measure P, the dynamics of the model are

dl‘t = fedt + Eth
dy; = [.TUt + at]dt + odZ; (4.4)
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where Z; is a F;-Brownian motion. The information structure is the same as in the hidden action
case. The dynamics of Z; are given by the Kalman-Bucy filter as

diy = Oedt + LdZ, (4.5)
g

where Z; is the filter innovation process, a (F¢,P)-Brownian motion. The market, instead, does not
know the exact level of misreporting, and believes that the observation model is

dl’t = 06dt+6th
dy; = wpdt + odZ? (4.6)

where dZ) = dZ; + %dt. By an analogous reasoning used in the derivation of Eq. (2.11), we obtain

7, = / (4.7)
and, consequently, :E? may be expressed in terms of Zt as
A0 = efdt + dZt + %dt — 2 (20— ) at
o2
(4.8)

Using (4.2) and substituting back into J(7T'), we see that shareholders and manager maximize over

a the expression
il Y172 .0
1+ )E[exp{— c— Tr— G H
( 7 M Sy 0T~ 6T)

This is now a standard stochastic control problem, for which it is known that the optimal control a;
is deterministic (and it can be verified by solving the HJB equation). In order to solve it, denote

I — Y172 .
Y1+ 72

For concreteness, we assume again quadratic penalty a, i.e.
T 2
a

Gr=¢ / % g,
0o 2

Then, the optimization problem boils down to maximizing over a; > 0

which, by Eq. (2.12), simplifies to

T 1 a;  1_w e vy [)sinh () a,ds
I(a;) = Oc + —ay — L — Tt - — =0 g dt. 4.1
(ar) /0 { €t g2t ¢ 2 2 g2 g2 o cosh (£ ) (4.10)

H—

We make the following

Assumption 4.3. a; is non-negative and continuously differentiable in the interval [0,T].
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Set

t
Dt = / sinh (65> asds > 0.
0 o

as before. Then

t
p, = sinh <6) ag. (4.11)
o
Moreover, pp = 0 and pr is a free boundary condition. Maximizing I(a;) over a; amounts to
minimizing
A T ,
I(pt) :/0 L(t, pe, py) dt (4.12)
where

L(t, pt, pt) L fe- ;SGCh( ) g (csch( )) (p})*
—I—%JI‘ (tanh <ff)> + ita h (0> sech <i‘t) Dt (4.13)

Lemma 4.6. There is a minimizer p; of I defined in (4.12) and mazimizer a; of I(as) defined in
(4.10).

The proof of Lemma 4.6 is presented in Section 7.3. We also have the following

Lemma 4.7. The minimizer p; of I is given by
sech (<L et
P = M (O‘ sinh (6> — 2et) . (4.14)
4o€ o

The proof of Lemma 4.7 is presented in Section 7.3. Using Lemma 4.6 and Lemma 4.7 we end
up with

Theorem 4.2. The mazimizer al*® of I(a;) in (4.10) is

T t
alts = giasech (Ea) sinh (Z) (4.15)
Moreover, the optimal contract is given by
Y1 € el €T\ ?
Cr = c+af®®2% + o tanh () — eT'sech () . 4.16
g Ty + €02 o o (4.16)

Proof. Differentiating p; in Eq. (4.14), we obtain (7.55), thus we immediately arrive at Eq. (4.15).
Plugging the derived expression for af‘s inside Eq. (4.2), we obtain the optimal contract as in Eq.
(4.16). |

Remark 4.3. Verification of Assumption 4.3. Looking at Eq. (4.15), we can immediately see
that al*® is an infinitely differentiable function, and therefore continuously differentiable.

Let us now denote by V' the following quantity

{K1+K2+K3}
V = exp 5
4 (71 +72)" 0%
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where

Te
K1 =me (—T(’Yl +v2 —2)(m + VQ)GQSGCI’P ())

o
Ky = m720 (=2(220(71 + 72) + €1(20(71 + 72) — 71726))) 0§
9 9 €T
K3 =v1720¢€ (71 + (72 = 2)72 — 2m (1 — Y2 + 720 5) tanh —
Plugging Eq. (4.16) and Eq. (4.15) into the manager utility, we find that
JU(T) = —e eV (4.17)
Similarly, we obtain that, at the optimum, the shareholders utility is given by

Jo(T) = —e2°V (4.18)

Using Eq. (4.1), we can then deduce that the constant c is given by

L og (’”) . (4.19)

C =
M+ Y2 A2

5 Comparative Statics

In this section we discuss, from the economical perspective, the results obtained in the earlier sections.
Section 5.1 describes the optimal PPS and misreporting level as functions of time, Section 5.2 analyzes
the optimal contract, Section 5.3 does a comparative statics analysis for the optimal misreporting
action, and Section 5.4 compares the shareholders and manager utilities in hidden action and risk-
sharing settings.

5.1 Pay-per-performance sensitivity and misreporting

We study the dependence on time of the optimal pay-per-performance sensitivity and the optimal
misreporting. Figure 1 shows that they both increase over time. Therefore, the shareholders find
it optimal to induce the manager to gradually increase the level of misreporting over time, and
they achieve that by offering him a higher pay-per-performance sensitivity as time progresses. This
suggests that in a context in which outside investors cannot correctly infer the level of misreporting,
early auditing will prevent the occurrence of high levels of accounting irregularities.

5.2 Contracts

Differently from Holmstrom and Milgrom (1987), in the hidden action case we find that noisy
observations lead to contracts which are dependent on the full path of the observation process. In
the risk-sharing case, instead, the pay-per-performance sensitivity only depends on the relative size
of the risk aversion parameters v; and 79, and, additionally, it is independent of ¢. Thus, the fact
that the actual outcome process is unobserved does not play any role. Comparing the expressions
for the optimal pay-per-performance sensitivity obtained in the hidden action case (see Eq. (3.34))
and risk-sharing case (see Eq. (4.3)), we obtain

v sech(BT) ) et
oA = oS 4 T+ 7 ctanh (2) —Bo sinh (Bt) + € cosh(St) tanh p
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Figure 1: The parameters common to all graphs are ¢ = 0.1, e = 0.3, 71 = 0.7, 2 = 0.3, T = 1.
The left graph refers to the pay-per-performance sensitivity over time, while the right graph to the
misreporting level over time.

where we recall that af{ A and afbs denote, respectively, the pay-per-performance sensitivity in the
hidden action and risk-sharing setting. As shown in Eq. (3.46), we have aff4 > of*S. This is a
familiar result from existing models: when action cannot be contracted upon, the manager needs
extra incentives from the shareholders in terms of compensation in order to apply desired action.

We also find

lim of A=

e—0

lim ol 4 = lim ol =1
v1—0 v1—0

Thus, if the manager does not care about risk the whole firm is transferred to him, a familiar result
in the existing literature. In the hidden action case, this also happens in the case when the outcome
process becomes constant and known to everyone, € ~ 0. (In this case there is no risk to anyone,
and zero action, so only non-risky cash amount is divided, and it does not really matter who owns
the firm). We also have

lm a; T+ 72 + Tt Cos (e §t(n + 72)) sec (e ET (v + 72))
o—00 Y1 + Yo

Therefore, for low levels of accounting noise the pay-per-performance sensitivity in the hidden action
setting remains strictly higher than in the risk-sharing setting (this is why, as we shall see below, the
optimal hidden action becomes negative for small o). For high levels of accounting noise, instead,
we have that the pay-per-performance is the same in risk-sharing and hidden action case. This is
not surprising, as the infinite noise impedes any possibility of giving meaningful incentives. We also
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Figure 2: Left panel: off A versus o for two different levels of ¢, e = 0.1, and € = 0.2. The parameter

choices are y; = 0.3, o = 0.1, £ = 0.2, t = 0.5, T' = 1. Right panel: a/’4 versus o for two different
misreporting penalties, £ = 0.1, and £ = 0.3. The parameter choices are y; = 0.3, 72 = 0.1, ¢ = 0.1,
t=05T=1.

find
lima{{A =1
£—0
lim a,{{A = afs.
{—o0

In case of very large penalties, the pay-per-performance sensitivities are the same. This is because, in
the hidden action setting, the shareholders know that the manager will not apply any misreporting
action due to the high penalty incurred. On the opposite extreme, when the penalty is very small,
then the shareholders know that the manager will not be blocked by severe misreporting penalties,
and thus they try to give him the highest incentives to apply the misreporting action. We find
that oz{{A is a decreasing function of the project scale factor e (proof presented in Section 7.4).
This may be explained observing that, for a contract consisting of cash and a performance related
compensation depending linearly on Y, we have that increasing ¢ is like increasing portfolio holdings
of the manager in the risky asset ) relative to cash. According to this interpretation, high a and
high € have the same effect on the manager, and result in the manager having higher exposure to the
risky part of the compensation. Therefore, if € goes up, then o} 4 should go down to compensate.
It is seen from Fig. 2 that af74 decreases as the accounting noise o increases. This is consistent
with the fact that, as o increases, 20 becomes “closer” to 2¢, for any fixed a, and there is less benefit
of giving to the manager incentives to apply the misreporting action. It is also seen from Fig. 3
that af{ 4 decreases as the penalty & increases, since the incentives are less efficient. Moreover, PPS
is much more sensitive to the risk aversion level v; of the manager and very mildly affected by the
risk aversion level 7 of the shareholders. More precisely, atH 4 decreases as v, increases, because
the manager does not like risk. It increases (but at a slower rate) as the shareholders’ risk aversion
increases. This is because the shareholders then like risk less, and want to transfer it to the manager.
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Figure 3: The parameters used in all panels are ¢ = 0.5,0 = 0.1,¢t = 0.5,7 = 1. Top panel:
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20



5.3 Misreporting action

We now perform analysis of the optimal misreporting action. First, as mentioned above, unlike in the
classical Holmstrom and Milgrom (1987) model, the manager’s optimal misreporting action is time
dependent in both the risk-sharing and hidden action framework. Next, comparing the expressions
for the optimal af’4 obtained in the hidden action case (see Eq. (3.33)) and af*® computed in the
risk-sharing case (see Eq. (4.15)), we can immediately establish that

HA_ RS B .
ap = a; ot 72)gsech (BT) sinh (St)

Thus, we have a{{A < aﬁs , which is expected, as in the risk-sharing case the optimal action is

chosen to maximize the joint utility of shareholders and manager, whereas in the hidden action
case the shareholders have to induce the manager to apply a given misreporting action by offering
him an appropriate contract. Consistently with the intuition, we have that aff A and af*S are both
decreasing in the size of penalty, starting from a; being infinity when there is zero penalty (in this
case the manager would only benefit from misreporting), and converging to zero when the penalty &
goes to infinity.

We find that, for both risk-sharing and hidden action, af{ 4 and afs approach zero when o goes to
infinity. This is because increase in compensation that the manager would obtain biasing the output
process by a; would be fully absorbed by the high level of accounting noise o. Mathematically, this
can be seen from Eq. (2.12) of Lemma 2.2, showing that for a fixed misreporting action a,

. ~0 ~

Jim &y = zy.
Therefore, the manager would pay a penalty for misreporting without getting any benefit from it.
In other words, “fooling the market” is not possible because the filter estimate 2 coincides with the
market estimate.

When the observation noise is small, we obtain the following limiting behavior

lim a4 = —Lsech (eT (71 + 72 f) sinh (et (71 + 72 f)
oot ! (71 +72)€ ) )

lim ¢/ = 0 5.1
Jim.of 6.1

This shows that there is a tradeoff between the benefit of the manager and the shareholders. While
the first always benefits from higher misreporting (given a fixed cost), the latter may lose in utility
by paying the manager a higher proportion of the market value #). The limits in Eq. (5.1) show
that in the risk-sharing case the best joint action for small noise is not to introduce misreporting.
In the hidden action case, where the shareholders induce the optimal misreporting action of the
manager, we can see that it is optimal to induce him even to bias the output process downwards,
with negative a, in which case the shareholders pay lower compensation because the market value is
lower. Further analysis shows that, for a fixed e (or fixed o), the optimal misreporting level switches
from increasing to decreasing after a given value of o (respectively €). This can be seen from figure
4, which also shows that the level of o (respectively €), at which the misreporting amount starts
decreasing depends on the project volatility € (respectively o), but not much on the penalty &, which
mainly drives the size of the misreporting amount. We also find the following limiting behavior
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Figure 4: All plots are produced using v; = 0.3, 2 = 0.1, ¢ = 0.5, and T = 1. Top left panel:
manager’s misreporting level versus o for two different levels of ¢, ¢ = 0.1, and ¢ = 0.2. We fix
& = 0.2. Top right panel: manager’s misreporting level versus o for two different misreporting
penalties, £ = 0.1, and £ = 0.5. We fix ¢ = 0.1. Bottom left panel: manager’s misreporting level
versus € for two different levels of o, 0 = 0.1, and o = 0.2. We fix £ = 0.2. Top right panel: manager’s
misreporting level versus e for two different misreporting penalties, £ = 0.1, and & = 0.5. We fix
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lim af A = lim afs =0
e—0 e—0
lim af! 4 = afs.

v1—0

Thus, the two actions are also the same and consist in truthful revelation in case € — 0, i.e the
outcome process x; = xg is constant and known to everyone. In that case there is no beneficial
effect of misreporting to manager and shareholders. Moreover, for a very low risk averse manager,
the optimal non-contractible misreporting action approaches the joint optimal misreporting action.
This is because, as we have seen above, and as it is well known in existing models, when the manager
does not care about risk the whole firm is transferred to the manager, oy = 1.

It is seen from Fig. 5 that af’4 is decreasing in 7;. This is expected because a more risk-averse
manager is less inclined to misreport due to the penalty incurred. By the same token, since everything
is driven by the relative size of risk aversions, the amount of misreporting increases if the shareholders
are more risk averse. More precisely, the more risk averse shareholders are, the higher percentage of
the firm they give to the manager, who then has incentives to misreport more.

5.4 Expected utility of Shareholders and Manager

We compare the expected utilities of shareholders and manager in the risk-sharing and hidden action
setting. First, we fix the reservation utility of the manager to Ry in both the hidden action and risk-
sharing framework, and measure how the shareholders utility changes. This results in choosing the
relative risk-sharing level A, so that the manager utility in the risk-sharing case satisfies J1(7T") = Ry.
Using Eq. (4.17), we have that this is achieved if

T <_Ro>”3"i
Y2 Vv '
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Under this choice of J, it is easily seen that the shareholders utility in the risk-sharing framework is

given by
Jo(T) = — (—R0> v

We have that the shareholders utility in the hidden action setting is given by Eq. (3.13), evaluated
using the optimal contract and misreporting action, fully specified by Eq. (3.33) and Eq. (3.34). In
particular, for a specified Ry, we have

_2 1
E[UQ(@% — CT)] = —(—Ro) 71 exp {—’)/2(.%0 -+ QGT) + ’)/2(d1 +ds — K1+ Kg) —+ 2’)/22K2} (5.2)

where d; and ds are given by Eq. (3.36) and Eq. (3.38), respectively. We have

T g T €
K:/a—dt, K:/ Y€ e
! 0 o2 3 o o o2cosh (%)pt

with p; given by Eq. (3.32) and

T 1~ \?2
K, = / (”%Yﬂ) dt
0 g et

yisech? (BT) <4BT62 — 2830%T + 2Be>T cosh (28T) + (B%0? — 3¢2) sinh (287 )

46(y1 + 72)?

As expected, the left panel of Fig. 6 shows that the shareholders have a smaller utility when the
misreporting level cannot be contracted upon. Moreover, the shareholders utility decreases as the

reservation utility of the manager increases.
Next, we fix the shareholders utility to  in both risk-sharing and hidden action framework, and
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measure how the manager utility changes. This requires choosing constant A so that the shareholders
utility in the risk-sharing case satisfies Jo(7T') = z. Using Eq. (4.18), we have that this is achieved if

oz ’(”Ll)
o

Under this choice of A, it is easily seen that the manager utility in the risk-sharing framework is
given by

-

J(T) = — <—‘”;) %

Moreover, if the shareholders utility is =, we deduce from Eq. (5.2) that

1
Ry = — (—az exp {72(330 +0eT) — y2(dy + d3 — K1 + K3) — 27§K2}>

which corresponds to the manager utility in the hidden action framework due to Eq. (3.10). Com-
paring the left and right panel of Fig. 6, we can clearly see that the manager utility is smaller than
the shareholders utility due to the manager being more risk averse. Moreover, while for smaller
values of shareholders utility the manager’s utility is similar in both risk-sharing and hidden action
framework, we have that as the shareholders utility gets larger the manager’s utility decreases faster
if misreporting cannot be contracted upon.

6 Conclusions

This paper studied a continuous time model of the firm’s value process, where the true outcome
can only be observed with noise, and is optimally biased by the manager. More specifically, we
consider the situation where both shareholders and manager have unbiased estimates of the actual
output process, while the rest of the market is unable to estimate the level of bias introduced by the
manager, and therefore does not factor in the correct misreporting level when estimating the process
value.

We have shows that the computation of the optimal contract and of the optimal misreporting
action applied by the manager can be computed as the solution of a constrained variational calculus
problem, for which we provide a closed form solution by means of a methodology that is novel to this
type of problems. In order to test the robustness of our conclusions, we considered the risk-sharing
case and solved for the general optimal contract. We found it to be linear, with the optimal risk-
sharing fraction determined by the relative size of the risk aversion parameters of the shareholders and
the manager. We add to our theoretical results performing a detailed comparative statics analysis.
Such analysis reveals that both the optimal misreporting action and pay-per-performance sensitivity
increase over time, and that higher levels of observational noise reduce the benefits that both manager
and shareholders extract from the market through the misreporting action. As expected, when the
cost of misreporting increases, smaller incentives are offered by the shareholders, and smaller levels
of misreporting are applied by the manager.

Mathematically, it is an open question whether our results hold true if nonlinear contracts are
allowed, or if stochastic action is allowed. Economically, it would be of interest to see how much
misreporting would be reduced in the presence of occasional (random) auditing that would reveal
existence of misreporting and change the market value of the firm.
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7 Proofs of Lemmas and Propositions

7.1 Proofs for Filtering Estimates
We prove Lemma 2.1 first.
Proof. Note that Eq. (2.8) gives
d2° = Geds + %dZSO (7.1)

which, multiplied with > and integrated from 0 to ¢, gives (2.10). Using Eq. (2.3) and Eq. (2.7), we
get

R o 1 gt 1t
Zt =7y — — sds + — s — 22 d 7.2
=20 [Cads+ - [la.—a2]ds (72)
N 1 rt
2 =70+ = / [z — 20 ds (7.3)
g Jo

Subtracting Eq. (7.3) from Eq. (7.2), we arrive at Eq. (2.11). Using (2.10) and (2.11), we obtain
Eq. (2.12), which concludes the lemma. [ |

We prove Lemma 2.2 next.

Proof. Let us denote

wp = &) — &% (7.4)
From Eq. (2.11), we have
d a 50\ __ 13 Ly — 'QA:?
Lor-)=-2 42
or, equivalently,
d N
20 sa _ a __ 70
mt—xt—adt(Zt 20) +a (7.5)
Using Eq. (2.8), we get
di¢ vy dZ8
= fe+ — 7.6
dt NPT (7.6)
dz) vy d29
il R/ P it .
dt ST (7.7)
Using Eq. (7.6) and Eq. (7.7) we obtain
d a0\ _U d (50 50
%(t_f’ft)—*%(zt_zt) (7.8)

d
:Eg—i:f:a(—a — (;@?—@5)) + ay (7.9)

From the definition of w; in Eq. (7.4), and Eq. (7.9), we get the ordinary differential equation

0.2

wt + — w{t = ay (7.10)
(%7
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which may be rewritten as
vy + a2w,§ = a;v; (7.11)

If we multiply Eq. (7.11) by exp {% fot Usds}, then we have

I Lot I
exp {02 / Ust} Vit + 02002 exp {02 / Ust} = exp {02 / Usds} AVt (7.12)
0 0 0

which can be rewritten as

d [, 1t 1
— [ o%wy exp —/ veds p | = exp —/ vedS p apvy (7.13)
dt o2 Jo o2 Jo

Using the expression for v; given in Eq. (2.9), we obtain

1 gt t
—2/ vgds = In (cosh <6)>
o? Jo o
1 rt t
exp {2/ vsds} = cosh <E>
a? Jo o
)

<1 h €
d (02 . cosh (68)) — cosh (63) )
ds o o cosh( )

Hence,

and Eq. (7.13) implies

»

Qs (714)

SYINECY

Integrating Eq. (7.14) from 0 to t, we get

_ Jyeosinh (£) agds € [ysinh (£) ayds
W= o2 cosh (%t) N o cosh (%t)

which yields the result. |

7.2 Proofs for the Hidden Action Section
We provide the proof of Lemma 3.3 first.

€t
p, = sinh () ay
o

, we can write the integrand as

Proof. For 0 <t < T, we have that

P}
sinh( et )

o

and thus, using a; =

) £

1 v} Py vt P} € Dt
S(tpupl) £ =2l g N B L P 7.15
(t.pe, i g 1 o2 cattyg sinh (%) a 0?2 \ sinh (%) cosh (%t) o ( )

Since function g satisfies Eq. (3.1), we have

S (t, ps, vl
hm ( p,t pt) = 00
p}—00 o
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Moreover, notice that p, — S (¢, ps, p;) is a convex function. Also, since oy > 0, we can write

Al V2 ! v 4
S@mmﬁzh@D—Qmaag—&m+g<I%)—a%é<pt) (7.16)

sinh (<) sinh (<)
and see that S (¢, p, p)) is bounded by function h(p}), strictly convex in pj. Therefore, by Theorem
4.36 in Dacorogna (2007), the function p; yielding the minimum must satisfy the Euler-Lagrange
equation given by

d [0S oS
d (257 _2s -
dt [Opy]  Op:
Using the expression for S in Eq. (7.15), we obtain from Eq. (7.15) that
d |, i 1 Ut 1 v 1 €
= : S I S | - 7.18
dt lg (sinh (¢) ) sinh (%) M52 sinh (€) M52 5 cosh (<) (7.18)
Moreover, as we have a free boundary at T, we have that
s _
op} lt=T
More precisely, we get
1 vr 1
/
glap)———— —arp————F+—— =0. (7.19)
sinh (%) 0% sinh (%)
By substituting pj = sinh (£) a;, we therefore rewrite (7.18) as
d |, 1 o 1 v 1 €
< PR S e, . B e . — 7.20
dt lg (ar) sinh (£) Y52 sinh (‘2)1 Y02 cosh (£) (7:20)
From Eq. (7.19), we also obtain
vr
ar—3 = d (ar). (7.21)

Rewriting Eq. (7.20) as
d (% 1 (% € d g/(at)
— | | s = —— | 7.22
dt [ “* 52 sinh (g)] M2 g cosh (2) T dt Linh () (7.22)

and using the substitution

(%7 1
Or=—p——F+—~ 7.23
! 52 sinh (4) (7.23)

we obtain that (7.22) can be written as

rL € g - 94| g
O, + 5 tanh ((7) O = g [sinh B (7.24)
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Multiplying (7.24) by cosh (£) together with (7.23) gives

d vt 1 et\ d | g(ar)
Bl P h _gla) | 2
dt l 52 tanh (j)] —R < ) dt Lmh () (7.25)
Integrating (7.25) from ¢ to T, and recalling that, by definition, vy = eo tanh (£), we have
€ € T es\ d | ¢'(as)
s = =— h 22| ds. 2
Yo Ty, /t o8 ( > ds [sinh (<) y (7.26)
Using integration by parts on the right hand side together with (7.21) we find the required result in
(3.6). m

We now provide the proof of Lemma 3.4.

Proof. Note that Eq. (3.1) implies that we can find a convex function Q(p}, ¢;) in the form of

QW ap) = 1 (B + ()*) = = sech <€t> ph+ 2

for some ¢; and ¢ such that
L(t, pt, g, Py, 41) > Q(pt, q)-

Hence, the function (p}, q;) — L(t, pt, qt, D}, ¢;) in (3.19) is superlinear as

L(t PtaQt,ptv%) _

(v}, qt)—>0000) V(Pp)? + (q7)?

and bounded by function @, convex in (p}, q;). Moreover, a straightforward calculation shows that
the map (p},q;) — L(t,pt,qt, 0}, q;) in (3.19) is strictly convex as its Hessian matrix having posi-

tive eigenvalues £ (csch (%))2 and (v, + y2)0? is positive definite for ¢ > 0. Furthermore, the map
(pt, at, P}, q3) — L(t, pt, qt, D}, q;) in (3.19) is convex as its Hessian matrix having nonnegative eigen-
values 0, £ (csch (%))2 and (y1+72) (0% +¢€2 (tanh (%t))2 is positive semi-definite for ¢ > 0. Application
of Theorem 4.36 in Dacorogna (2007) leads to the conclusion that there is unique minimizers p,
and ¢; of A in Eq. (3.14), which together with (3.16), yields the unique minimizer a;. |

We provide the proof of Lemma 3.5 next.

Proof. Suppose that (p¢, ;) minimizes the functional J defined by Eq. (3.21). Therefore, any pertur-
bation (p: + 019, ¢ + 92Gt) of (pt, ¢¢) would imply

J(pe,qr) < I(ps + 61Dt, g + 02G¢)
where §; and &9 are real numbers and p; and ¢ are differentiable functions on [0, 7] with
=0, gr=0. (7.27)

Thus, (d1,02) = (0,0) is the critical point of the map (d1,02) — d(pr + 01P¢, ¢t + 92G¢). Therefore, we
have

=0, (7.28)

0
—3(pt + 61, @ + 62§
95, 0P+ 01+ 02G1) (81,62)=(0,0)
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and

= 0. (7.29)

Nnp 024,
Pt + 019, g1 + 62G1) (61.,52)=(0.0)

0
By (7.28) we have

T /oL _ oL _ et et\ _
/0 (3]% Dt + a—p%pé + A(t) {g” <csch (0> pg) csch (U) pé}) dt =0 (7.30)

Application of integration by parts and using the free boundary ap give Equations (3.23) and (3.25).
Also, by (7.29) we have

T /9L oL _, )
il A W 7 dt = 0. 31
/0 (aqt G+ 8q£Qt+)‘(t)Qt) dt =0 (7.31)

Again using integration by parts and the free boundary [y results in Equations (3.24) and (3.26). H
Next, we provide the proof of Proposition 3.2.

Proof. We solve the system of Equations (3.23)-(3.27) in Lemma 3.5. To ease the notation we drop
the superscript HA in the proof. First, we differentiate L with respect to p; and p}, and obtain

g;—; = itanh <Zt> sech (j) = —% <;sech (j)) (7.32)
and 0L et € et
o =¢ <csch <0)> Dy — ;sech (0> . (7.33)
Note that by Eq. (3.29) we have
P = _2 sinh (f) . (7.34)

Moreover, Eq. (3.25) simplifies to

I3 (csch (f))Qpép - gsech (f) = —&XN(T) csch <f) (7.35)

or, by using Eq. (7.34),

1 T
A(T) = ~¢fy + — tanh <€> . (7.36)
£ o o
Also, Eq. (3.23) is equivalent to
d et 2 et
— [(cseh ()) p; + csch () )\(t)] =0 (7.37)
dt o o
which by Eq. (3.29) can be written as
d 1, €S
<4 _Z h(E)] =o. .
T K)\(s) £qs) csce ( > )] 0 (7.38)
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Integrating Eq. (7.38) from ¢ to T and using (7.36) we get

1 T t
A(t) = gq; + Uiésech <€U> sinh (Z) . (7.39)
which yields
1 €2 eT et
N(t) = gq,’fl + T%SGCh (a) cosh (U) : (7.40)

We next use Eq. (3.24) to obtain another expression for X'(¢). Differentiating L with respect to ¢
and ¢;, we obtain

0 (k- comn ()] 1 v (£) s ) (-con(2)) 0

and
oL t t
g =om <aq£ — etanh <Z) qt) + o2 <(1 — q¢)e tanh <Z) + O'q;) (7.42)
Due to Eq. (3.26) we have
oL
M0)=——~| =-0° A 7.43
(0) im0~ (71 +72)% (7.43)

which combined with A\(0) = %q(’) from (7.39), implies
q6 = 0. (7.44)

Furthermore, it is not difficult to compute that

d OL

€t et ?
@0 = (71 + 72)0%q) — (71 + y2)eoq) tanh <a) + e*sech (J) (v2(1 —qt) — 71qt) (7.45)
t

Using Eq. (3.24) together with Eq. (7.41) and Eq. (7.45) we arrive at

oL d [OL
li
) = —-— (=
A Oq dt(&ﬁ>

= —(m+7)0q + (11 +72) € — 12 (7.46)

Comparing Eq. (7.40) with Eq. (7.46), we conclude that the following second order differential
equation has to hold

2 1\ 2 € e’ €t 2 _
—|(n+7)0o +E G + (M +72)eq — UTgsech —)eosh | — ) =9 =0 (7.47)

which is equivalent to the following form

t
q/ — B%q; + ocosh <;) +7=0 (7.48)
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where 3,0, and 7 are given by

_ ( €€ (71 +72) )1/2 e’sech (%) Yoe2é

(1 +72) 0%+ 1 T n t ) o+ 1) (71 +72)0%E +1 (7.49)
The solution g; of (7.48) can be written as

7 (B%0? — €2) + %002 cosh (%t)

_ Bt —pBt
qQq = e’ +ce + 3 (Fo? — &)
T t
= 1P 4 cpe P —sech <6> cosh (€> S T (7.50)
o o Y1+ 72
as by (7.49) we have
T Y2 00? L (ET)
— = ————— = —sech | — ).
B2 mty pPo?-é o

Eq. (7.48) may be solved explicitly by using the conditions g7 = 0 and ¢, = 0, yielding
28!

c1 = cg = —sech(87T).
T
As a result, we deduce that
S— sech(8T) cosh(ft) — sech (ET) cosh (et> TR (7.51)
& 71+ 72 g o 1+ '
It follows from Eq. (7.51) that
T
q = 1P sech(BT) sinh(f5t) — sech <€) sinh <6t) . (7.52)
"+ 72 o o o

Also, we know that

1t
P = —5/0 sinh (ij) q. ds

Byiosech(BT) (—ecosh (£) sinh(Bt) + Bo cosh(Bt) sinh (£))
(71 +72)(€2 — B202)€

sech (%) (O’ sinh (%) — 26t)

Ao

_l’_

7.3 Proofs for Risk Sharing Case

We provide a proof for Lemma 4.6

Proof. Notice that p) — f)(t, pt, py) is strictly convex. Moreover, we have

L(t /
lim ( 7pt7pt) - 00

7
P} —00 Pt
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and

. 2 1
L(t, ps, pi) > m(p}) 2 _fe — Egech <6t) Py + g <csch (d>> (p})* + 5521‘ (tanh (
o o

g

)

where m(p}) is a convex function of p;. Therefore, there is a function p; minimizing I by Theorem

4.36 in Dacorogna (2007). Thus, we get a; by(4.11).

We now provide a proof for Lemma 4.7.

Proof. Observe that

oL €2 et et oL et 2 € et
L@ (2). el (@) 5 2

Since pr is free, we have

oL,
op} lt=r
Integrating ~ ~
d oL OL
dtp,  op:

from ¢ to T and taking into account (7.54) we obtain

, e (sinh(2))°

b= QTT cosh (%) '

Integrating Eq. (7.55) from 0 to ¢ and recalling po = 0 we obtain Eq. (4.14).

7.4 Proofs for Comparative Statics

We prove that o) 4 is a decreasing function of e. We may rewrite it as

«

A 72 cosh(eCt) 1 Co_tanh (eCt)
7+ 72 cosh («(T) tanh ()

where
A (71 +72)€ 1

Vi +2)e?%+1 o
cosh(e(t)

We first show that cosh(eCT) is a decreasing function of €. Therefore, we compute

¢

d cosh (eC?)

de cosh (eCT) sech (eCT) [Ctsinh (eCt) — (t cosh (eCt) tanh (eCT)]

sech (eCT) [¢(t — T) sinh(e(t)]
0
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for t <T. Note that since 0 < ( < 1/0 we get

O<r(€)é1—§“omgl.

We next show that r(e) is a decreasing function of e. This follows from the fact that if t; < to we
have
d tanh (et;)

de tanh (cta) = 1 coth (ety) sech?(et1) — tycsch? (ety) tanh(et1) > 0
which may be seen by simply showing that

sinh (2€t3) _ sinh (2€t;)
> .
2t9 2t

Consequently, 04{{ A being the product of two positive decreasing functions decreases in e.
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